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A Markovian Tale of Large Language Models (LLMs)

From Markov to Laplace:



LLMs are part of daily lives



Arithmetic reasoningImpressive language skills

HallucinationsProgramming

Not fully Trustworthy



Need of the hour

LLM Interpretability 

What do they learn? How do they learn?



Challenges



Too many tuning knobs $63M

LLMInput data
Optimization

( source, size, ordering..)
( size, activation, normalization..)

• Complex and opaque

• Expensive

• How/why do they work?

( loss, optimizer, hyperparams..)

Challenges



Input data
Optimization

( source, size, ordering..)
( size, activation, normalization..)

• Complex and opaque

• Expensive

LLM Interpretability 

• How/why do they work?

Clarity & scientific understanding

Core learning mechanisms

Lighter & efficient models, algos.

( loss, optimizer, hyperparams..)

Principles

Transparency

Efficiency

Need

LLM



State of the art

Lack generality: specific data and models (e.g. transformers), restrictive assumptions

LLM Input data

What data can they represent? How do they learn them?

[Yun et al. 19, Perez et al. 20, Liu et al. 23, Weiss et al. 21, Merrill & Sabharwal 22-24, Li et al. 24, Wei et al. 24, Nichani et 
al. 24, Bietti et al. 23, Guo et al. 24, Edelman et al. 24, Li et al. 23, Wang et al. 25]

• Key limitation



Our approach

LLM Interpretability via Structured Data 



Input data

LLM Interpretability via Structured Data 

LLM 

Our approach



LLM Interpretability via Structured Data 

Structured data LLM 

Our approach



Structured data LLM 

Markov:
Mathematically controlled
Insightful complex real-world data

Our approach



Structured data LLM 

Markov:

Statistics & Information theory

well studied

optimal estimators

Our approach



Structured data LLM 

Markov:

How does the model learn? Minimal size needed?

optimal estimators

Statistics & Information theory

Our approach



This talk

Structured data

State-Space Models

 
Transformers 

LLM 

Markov processes



Why Markovian?

Structured data LLM 

Shannon, 1948

State-Space Models

 
Transformers Markov processes



Key features

Structured data

presentation           Learning dynamics 

Comprehensive: broad family of (data, models)         compare various architectures 

Fine-grained analysis

Input structure
Complexity

Model family
Size/depth

LLM 

State-Space Models

 
Transformers Markov processes



Structured data LLM 

What do they learn? How do they learn?

State-Space Models

 
Transformers Markov processes



This talk

Structured data LLM 

State-Space Models

 
Transformers Markov processes



Part I

Structured data LLM 

 
Transformers Markov processes



Part II

Structured data LLM 

State-Space ModelsMarkov processes



Part I

Structured data LLM 

 
Transformers Markov processes



Part I

Structured data LLM 

Attention with Markov

 
Transformers Markov processes



TransformersMarkovian inputs
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory
<latexit sha1_base64="xwB1Y/n3OVh8HTzhjn/5asiZ4cs=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJ6MFjBPOAZAmzk04yZHZ2nekNhiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AiGN1O/MQJtRKQecByDH7K+Ej3BGVrJbyM8YXoLMQ7opFMsuWV3BrpMvIyUSIZqp/jV7kY8CUEhl8yYlufG6KdMo+ASJoV2YiBmfMj60LJUsRCMn86OntATq3RpL9K2FNKZ+nsiZaEx4zCwnSHDgVn0puJ/XivB3pWfChUnCIrPF/USSTGi0wRoV2jgKMeWMK6FvZXyAdOMo82pYEPwFl9eJvWzsndRPr8/L1Wuszjy5Igck1PikUtSIXekSmqEk0fyTF7JmzNyXpx352PemnOymUPyB87nD+eWki8=</latexit>

Depth

What do they learn? How do they learn?

Attention with Markov



Depth and non-linearity play a crucial role 

in transformer functionality

1-layer transformer sometimes fails to 

learn even first-order Markov chains! *

2-layer transformer can learn Markov 

chains of all orders! 



NeurIPS 2024
Local to Global: Learning Dynamics and Effect of 

Initialization for Transformers

NeurIPS 2024Transformers on Markov Data: Constant Depth 
Suffices

ICLR 2025  SpotlightAttention with Markov: A Curious Case of Single-layer 
Transformers

NeurIPS 2025 Spotlight
What One Cannot Two Can: Two-Layer Transformers 

Provably Represent Induction Heads on Any-Order 
Markov Chains 



Attention with Markov

TransformersMarkovian inputs
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory
<latexit sha1_base64="xwB1Y/n3OVh8HTzhjn/5asiZ4cs=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKqCcJ6MFjBPOAZAmzk04yZHZ2nekNhiXf4cWDIl79GG/+jZNkD5pY0FBUddPdFcRSGHTdbye3srq2vpHfLGxt7+zuFfcP6iZKNIcaj2SkmwEzIIWCGgqU0Iw1sDCQ0AiGN1O/MQJtRKQecByDH7K+Ej3BGVrJbyM8YXoLMQ7opFMsuWV3BrpMvIyUSIZqp/jV7kY8CUEhl8yYlufG6KdMo+ASJoV2YiBmfMj60LJUsRCMn86OntATq3RpL9K2FNKZ+nsiZaEx4zCwnSHDgVn0puJ/XivB3pWfChUnCIrPF/USSTGi0wRoV2jgKMeWMK6FvZXyAdOMo82pYEPwFl9eJvWzsndRPr8/L1Wuszjy5Igck1PikUtSIXekSmqEk0fyTF7JmzNyXpx352PemnOymUPyB87nD+eWki8=</latexit>

Depth



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a



TransformersMarkovian inputs

Part I.b

<latexit sha1_base64="ZUj+3TghpYD65yjrbZPSFipbmCg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUU8hoAePEcwDkiXMTnqTIbMPZnqDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/sH9uFRU8ep4tDgsYxV22capIiggQIltBMFLPQltPzR7cxvjUFpEUePOEnAC9kgEoHgDI3Us+0uwhNmd5DgcEqr1O3ZZafizEFXiZuTMslR79lf3X7M0xAi5JJp3XGdBL2MKRRcwrTUTTUkjI/YADqGRiwE7WXzy6f0zCh9GsTKVIR0rv6eyFio9ST0TWfIcKiXvZn4n9dJMbjxMhElKULEF4uCVFKM6SwG2hcKOMqJIYwrYW6lfMgU42jCKpkQ3OWXV0nzouJeVS4fLsu1ah5HkZyQU3JOXHJNauSe1EmDcDImz+SVvFmZ9WK9Wx+L1oKVzxyTP7A+fwC3wZMN</latexit>

Depth > 1
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a



Input data: First-order Markov chain



Input data: First-order Markov chain

<latexit sha1_base64="eBnC4HRh22txIvNY+X9cAQntBhU=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgtSEmkqLiQghuXFewDmhAm02k7dDKJMxOxhPyLG3/FjQuluHHhvzhps6itB4Y5nHMv997jR4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PbjO//USEpCF/UOOIuAEacNqnGCkteeZ1+dnjFS/h0BmQR2in0JE0gGXHD1lPjgP9JU5E0zM4rzRSWIGeWbKq1hRwmdg5KYEcDc+cOL0QxwHhCjMkZde2IuUmSCiKGUmLTixJhPAIDUhXU44CIt1kemMKT7XSg/1Q6McVnKrzHQkKZLadrgyQGspFLxP/87qx6l+5CeVRrAjHs0H9mEEVwiww2KOCYMXGmiAsqN4V4iESCCsda1GHYC+evExa51X7olq7r5XqN3kcBXAMTkAZ2OAS1MEdaIAmwOAFvIEP8Gm8Gu/GxPiala4Yec8R+APj5xeyjqO2</latexit>

(xn)n�1 ⇠ (⇡,P ) 0 1

p

q

1� p 1� q

<latexit sha1_base64="uBlMZ4hMMFr4JNr4S2THBGlukng="></latexit>

⇡ = (⇡0,⇡1) =

✓
q

p+ q
,

p

p+ q

◆
,

<latexit sha1_base64="Bk9JlYbJSUZdfh2rOh2P59EKePA="></latexit>

P = (P ij) =


1� p p
q 1� q

�
.



Input data: First-order Markov chain

<latexit sha1_base64="eBnC4HRh22txIvNY+X9cAQntBhU=">AAACI3icbVDLSsNAFJ34rPUVdelmsAgtSEmkqLiQghuXFewDmhAm02k7dDKJMxOxhPyLG3/FjQuluHHhvzhps6itB4Y5nHMv997jR4xKZVnfxsrq2vrGZmGruL2zu7dvHhy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2PbjO//USEpCF/UOOIuAEacNqnGCkteeZ1+dnjFS/h0BmQR2in0JE0gGXHD1lPjgP9JU5E0zM4rzRSWIGeWbKq1hRwmdg5KYEcDc+cOL0QxwHhCjMkZde2IuUmSCiKGUmLTixJhPAIDUhXU44CIt1kemMKT7XSg/1Q6McVnKrzHQkKZLadrgyQGspFLxP/87qx6l+5CeVRrAjHs0H9mEEVwiww2KOCYMXGmiAsqN4V4iESCCsda1GHYC+evExa51X7olq7r5XqN3kcBXAMTkAZ2OAS1MEdaIAmwOAFvIEP8Gm8Gu/GxPiala4Yec8R+APj5xeyjqO2</latexit>

(xn)n�1 ⇠ (⇡,P ) 0 1

p

q

1� p 1� q

<latexit sha1_base64="uBlMZ4hMMFr4JNr4S2THBGlukng="></latexit>

⇡ = (⇡0,⇡1) =

✓
q

p+ q
,

p

p+ q

◆
,

<latexit sha1_base64="Bk9JlYbJSUZdfh2rOh2P59EKePA="></latexit>

P = (P ij) =


1� p p
q 1� q

�
.

<latexit sha1_base64="qKG1g8v8NFCpqCzKSYjIQ8BCs0M=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgCGFXgnqSgBePEc0DkhBmJ7PJkNnZdaZXCEs+wYsHRbz6Rd78GyfJHjSxoKGo6qa7y4+lMOi6305uZXVtfSO/Wdja3tndK+4fNEyUaMbrLJKRbvnUcCkUr6NAyVux5jT0JW/6o5up33zi2ohIPeA45t2QDpQIBKNopfv47LFXLLlldwayTLyMlCBDrVf86vQjloRcIZPUmLbnxthNqUbBJJ8UOonhMWUjOuBtSxUNuemms1Mn5MQqfRJE2pZCMlN/T6Q0NGYc+rYzpDg0i95U/M9rJxhcdVOh4gS5YvNFQSIJRmT6N+kLzRnKsSWUaWFvJWxINWVo0ynYELzFl5dJ47zsXZQrd5VS9TqLIw9HcAyn4MElVOEWalAHBgN4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/EzaNqQ==</latexit>

p+ q



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a



TransformersMarkovian inputs
<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a
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(Vaswani et. al., 2017)
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Transformers

(Vaswani et. al., 2017)
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Single-layer transformer
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer transformer
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer transformer



Weight tying
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1 ). . . . . .

<latexit sha1_base64="2ibs6vVE+wSflC4Jek2WAugM/74=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFHVZdOPCRQX7gHYomTRtQ5PMkGSEOvRL3LhQxK2f4s6/MdPOQlsPBA7n3JucnDDmTBvP+3YKa+sbm1vF7dLO7t5+2T04bOkoUYQ2ScQj1QmxppxJ2jTMcNqJFcUi5LQdTm4yv/1IlWaRfDDTmAYCjyQbMoKNlfpuuSewGSuR3tkLsJr13YpX9eZAq8TPSQVyNPruV28QkURQaQjHWnd9LzZBipVhhNNZqZdoGmMywSPatVRiQXWQzoPP0KlVBmgYKXukQXP190aKhdZTEdrJLKZe9jLxP6+bmOFVkDIZJ4ZKsnhomHBkIpS1gAZMUWL41BJMFLNZERljhYmxXZVsCf7yl1dJ67zqX1Rr97VK/TqvowjHcAJn4MMl1OEWGtAEAgk8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AEiek4I=</latexit>

Linear

<latexit sha1_base64="LEbyhRKxd/PuIc0CspAvrbhKBlE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS1GVRBJcV7APaUCaTaTt0ZhJmJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs+cIGZUadf9tkpr6xubW+Xtys7u3v6BfVjtqCiRmLRxxCLZC5AijArS1lQz0oslQTxgpBtMb3K/+0ikopF40LOY+ByNBR1RjLSRhnZ1wJGeSJ7e8oCEIRXjbGjX3Lo7h7NKvILUoEBraH8NwggnnAiNGVKq77mx9lMkNcWMZJVBokiM8BSNSd9QgThRfjrPnjmnRgmdUSTNE9qZq783UsSVmvHATOZJ1bKXi/95/USPrvyUijjRRODFoVHCHB05eRFOSCXBms0MQVhSk9XBEyQR1qauiinBW/7yKumc172LeuO+UWteF3WU4RhO4Aw8uIQm3EEL2oDhCZ7hFd6szHqx3q2PxWjJKnaO4A+szx+FwpTE</latexit>

Embedding

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
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<latexit sha1_base64="2ibs6vVE+wSflC4Jek2WAugM/74=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMFHVZdOPCRQX7gHYomTRtQ5PMkGSEOvRL3LhQxK2f4s6/MdPOQlsPBA7n3JucnDDmTBvP+3YKa+sbm1vF7dLO7t5+2T04bOkoUYQ2ScQj1QmxppxJ2jTMcNqJFcUi5LQdTm4yv/1IlWaRfDDTmAYCjyQbMoKNlfpuuSewGSuR3tkLsJr13YpX9eZAq8TPSQVyNPruV28QkURQaQjHWnd9LzZBipVhhNNZqZdoGmMywSPatVRiQXWQzoPP0KlVBmgYKXukQXP190aKhdZTEdrJLKZe9jLxP6+bmOFVkDIZJ4ZKsnhomHBkIpS1gAZMUWL41BJMFLNZERljhYmxXZVsCf7yl1dJ67zqX1Rr97VK/TqvowjHcAJn4MMl1OEWGtAEAgk8wyu8OU/Oi/PufCxGC06+cwR/4Hz+AEiek4I=</latexit>

Linear

<latexit sha1_base64="LEbyhRKxd/PuIc0CspAvrbhKBlE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBIvgqiRS1GVRBJcV7APaUCaTaTt0ZhJmJmIJ+RU3LhRx64+482+ctFlo64GBwzn3cs+cIGZUadf9tkpr6xubW+Xtys7u3v6BfVjtqCiRmLRxxCLZC5AijArS1lQz0oslQTxgpBtMb3K/+0ikopF40LOY+ByNBR1RjLSRhnZ1wJGeSJ7e8oCEIRXjbGjX3Lo7h7NKvILUoEBraH8NwggnnAiNGVKq77mx9lMkNcWMZJVBokiM8BSNSd9QgThRfjrPnjmnRgmdUSTNE9qZq783UsSVmvHATOZJ1bKXi/95/USPrvyUijjRRODFoVHCHB05eRFOSCXBms0MQVhSk9XBEyQR1qauiinBW/7yKumc172LeuO+UWteF3WU4RhO4Aw8uIQm3EEL2oDhCZ7hFd6szHqx3q2PxWjJKnaO4A+szx+FwpTE</latexit>

Embedding
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<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Single-layer transformer



First-order Markov chain + Single-layer transformer

Input data: First-order Markov chain Model: Depth = 1

0 1

p

q

1� p 1� q

<latexit sha1_base64="jtHGvE7zu3ib7rcrh3PIJZVixig=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqCcpePFYwX5AE8pmu2mXbnbD7kYpoX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb6e0tr6xuVXeruzs7u0fVA+POlqmitA2kVyqXog15UzQtmGG016iKI5DTrvh5Db3u49UaSbFg5kmNIjxSLCIEWys5PuKjcYGKyWfKoNqza27c6BV4hWkBgVag+qXP5QkjakwhGOt+56bmCDDyjDC6azip5ommEzwiPYtFTimOsjmN8/QmVWGKJLKljBorv6eyHCs9TQObWeMzVgve7n4n9dPTXQdZEwkqaGCLBZFKUdGojwANGSKEsOnlmCimL0VkTFWmBgbUx6Ct/zyKulc1L3LeuO+UWveFHGU4QRO4Rw8uIIm3EEL2kAggWd4hTcndV6cd+dj0Vpyiplj+APn8wf9OpGm</latexit>

!

<latexit sha1_base64="JIKySpI0n7GzaJqO5MDZcVHfdK0=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSxCvZREinqSghePFewHtCFstpt26WYTdzdqif0pXjwo4tVf4s1/Y9LmoK0PBh7vzTAzz4s4U9qyvo3Cyura+kZxs7S1vbO7Z5b32yqMJaEtEvJQdj2sKGeCtjTTnHYjSXHgcdrxxleZ37mnUrFQ3OpJRJ0ADwXzGcE6lVyzXH10xYmbCNQf0jtkT0uuWbFq1gxomdg5qUCOpmt+9QchiQMqNOFYqZ5tRdpJsNSMcDot9WNFI0zGeEh7KRU4oMpJZqdP0XGqDJAfyrSERjP190SCA6UmgZd2BliP1KKXif95vVj7F07CRBRrKsh8kR9zpEOU5YAGTFKi+SQlmEiW3orICEtMdJpWFoK9+PIyaZ/W7LNa/aZeaVzmcRThEI6gCjacQwOuoQktIPAAz/AKb8aT8WK8Gx/z1oKRzxzAHxifP2P+ksk=</latexit>

(xn)n�1



Next-token prediction loss



Next-token prediction loss

<latexit sha1_base64="I/tV46Casf1IxsHkpiyyymXMXx4="></latexit>

L(✓) = � 1

N

NX

n=1

Exn+1
1

[xn+1 · log f✓(xn
1 ) + (1� xn+1) · log(1� f✓(x

n
1 ))]

Cross-entropy loss between
<latexit sha1_base64="gsqq5flvHHTrNQiTlqFJygy7GjY=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7ArQa0kYGMZwTwgWZfZyWwyZHZ2mbkrhmVLG3/FxkIRWz/Bzr9x8ig08cAwh3Pu5d57/FhwDbb9beWWlldW1/LrhY3Nre2d4u5eU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vBr7rXumNI/kLYxi5oakL3nAKQEjecXDwEu7fiR6ehSaL+3CgAHJsvKD59zJE+wVS3bFngAvEmdGSmiGulf86vYimoRMAhVE645jx+CmRAGngmWFbqJZTOiQ9FnHUElCpt10ckiGj43Sw0GkzJOAJ+rvjpSEeryoqQwJDPS8Nxb/8zoJBBduymWcAJN0OihIBIYIj1PBPa4YBTEyhFDFza6YDogiFEx2BROCM3/yImmeVpyzSvWmWqpdzuLIowN0hMrIQeeohq5RHTUQRY/oGb2iN+vJerHerY9pac6a9eyjP7A+fwDxLZnl</latexit>

f✓(x
n
1 )

<latexit sha1_base64="aU5uVF7hZCKCu6EvOAXwux3qJ+g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqCcpePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZercm/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kDCCCPXg==</latexit>xn+1  and prediction probability



Ideally…

<latexit sha1_base64="I/tV46Casf1IxsHkpiyyymXMXx4="></latexit>

L(✓) = � 1

N

NX

n=1

Exn+1
1

[xn+1 · log f✓(xn
1 ) + (1� xn+1) · log(1� f✓(x

n
1 ))]

<latexit sha1_base64="2ozPkLD0mhOA/S+n9KNIhJv6ab4="></latexit>

f✓(x
n
1 ) ⇡ P(xn+1 = 1 | xn)

Markov kernelPrediction probability

Cross-entropy loss between
<latexit sha1_base64="gsqq5flvHHTrNQiTlqFJygy7GjY=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4MQm7ArQa0kYGMZwTwgWZfZyWwyZHZ2mbkrhmVLG3/FxkIRWz/Bzr9x8ig08cAwh3Pu5d57/FhwDbb9beWWlldW1/LrhY3Nre2d4u5eU0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/vBr7rXumNI/kLYxi5oakL3nAKQEjecXDwEu7fiR6ehSaL+3CgAHJsvKD59zJE+wVS3bFngAvEmdGSmiGulf86vYimoRMAhVE645jx+CmRAGngmWFbqJZTOiQ9FnHUElCpt10ckiGj43Sw0GkzJOAJ+rvjpSEeryoqQwJDPS8Nxb/8zoJBBduymWcAJN0OihIBIYIj1PBPa4YBTEyhFDFza6YDogiFEx2BROCM3/yImmeVpyzSvWmWqpdzuLIowN0hMrIQeeohq5RHTUQRY/oGb2iN+vJerHerY9pac6a9eyjP7A+fwDxLZnl</latexit>

f✓(x
n
1 )

<latexit sha1_base64="aU5uVF7hZCKCu6EvOAXwux3qJ+g=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqCcpePFYwX5AG8pmu2mXbjZhdyKW0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqtx65NiJWDzhOuB/RgRKhYBSt1HrqZercm/RKZbfizkCWiZeTMuSo90pf3X7M0ogrZJIa0/HcBP2MahRM8kmxmxqeUDaiA96xVNGIGz+bnTshp1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGhD8BZfXibNi4p3WaneV8u1mzyOAhzDCZyBB1dQgzuoQwMYjOAZXuHNSZwX5935mLeuOPnMEfyB8/kDCCCPXg==</latexit>xn+1  and prediction probability



But…



But…

Single-layer transformers sometimes fail 

to learn even first-order Markov chains! *



Weight tying
<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

Gets stuck at local minima!



✓⇤ ✓⇡

✓

L(✓)

Gets stuck at local minima!



<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

<latexit sha1_base64="ErNoUHj5uAEcnN0zZqrcTbLA6aw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCG0vSRXVZdOOygn1AG8pkOkmGTiZh5kaJofgrblwo4tb/cOffOH0stPXAhcM593LvPV4iuAbb/rYKK6tr6xvFzdLW9s7uXnn/oK3jVFHWorGIVdcjmgkuWQs4CNZNFCORJ1jHG11P/M49U5rH8g6yhLkRCST3OSVgpEH5qMMhjFPAD4wHIZxDxmUwKFfsqj0FXibOnFTQHM1B+as/jGkaMQlUEK17jp2AmxMFnAo2LvVTzRJCRyRgPUMliZh28+n1Y3xqlCH2Y2VKAp6qvydyEmmdRZ7pjAiEetGbiP95vRT8SzfnMkmBSTpb5KcCQ4wnUeAhV4yCyAwhVHFzK6YhUYSCCaxkQnAWX14m7VrVqVfrt7VK42oeRxEdoxN0hhx0gRroBjVRC1H0iJ7RK3qznqwX6936mLUWrPnMIfoD6/MHw8iVcA==</latexit>

Without weight-tying

Without weight tying

Converges to global minima



✓⇤ ✓⇡

✓

L(✓)

Escapes saddle



What’s happening



✓⇤ ✓⇡

✓

L(✓)
weight-tying



✓⇤ ✓⇡

✓

L(✓)

global minima

<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

weight-tying



✓⇤ ✓⇡

✓

L(✓)

global minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

<latexit sha1_base64="Ge4NZDp8Dy61EvmL0QeJjQYduwI="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

weight-tying

bad local-minima



Interestingly…

global minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

✓⇤ ✓⇡

✓

L(✓)

<latexit sha1_base64="u3GKUxxJ47UYofjHbWCJtCMtrIs="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn)

<latexit sha1_base64="Ge4NZDp8Dy61EvmL0QeJjQYduwI="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

no weight-tying

saddle point



Theoretical results



Theoretical results

 

 Bad local minima (weight tying)

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point



 

 Bad local minima (weight tying)

Theoretical results

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point

 

 Saddle point (no weight tying)
<latexit sha1_base64="/NMi3hlEULVc77jLXl1VzQV6RKo="></latexit>

Under the same setting as above with the weights not tied,
<latexit sha1_base64="cqVLrkkd6JQ24nJzZbwxv0nxK5U="></latexit>

✓⇡ becomes a saddle point. It satisfies the same properties.



 

 Bad local minima (weight tying)

Theoretical results

<latexit sha1_base64="NFpgFuUunXg7kSZJ8YfUOk4j/1s="></latexit>

If p+ q > 1 and the weights are tied, there exists a✓⇡ with explicit construction
<latexit sha1_base64="22QTQn9oGR/D7fycSZIj3F8j51c=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCp5JIUfEgBS8eK9gPaEPZbDfN0s0m7E7UEvtTvHhQxKu/xJv/xm2bg7Y+GHi8N8PMPD8RXIPjfFuFldW19Y3iZmlre2d3zy7vt3ScKsqaNBax6vhEM8ElawIHwTqJYiTyBWv7o+up375nSvNY3sE4YV5EhpIHnBIwUt8u94A9QqZTGmIICVxO+nbFqToz4GXi5qSCcjT69ldvENM0YhKoIFp3XScBLyMKOBVsUuqlmiWEjsiQdQ2VJGLay2anT/CxUQY4iJUpCXim/p7ISKT1OPJNZ0Qg1IveVPzP66YQXHgZl0kKTNL5oiAVGGI8zQEPuGIUxNgQQhU3t2IaEkUomLRKJgR38eVl0jqtumfV2m2tUr/K4yiiQ3SETpCLzlEd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/AJAslDE=</latexit>

such that:
<latexit sha1_base64="LGIm8zJsyS3NFyXHsMbot2TBxz4="></latexit>

(i)✓⇡ is a bad local minima forL(·) withL(✓⇡) > L(✓⇤)
<latexit sha1_base64="iMjuDTVxkLgfAUSFlCD9Gmt17kc="></latexit>

(ii) f✓⇡ (x
n
1 ) = P(xn+1 = 1), the marginal distribution

<latexit sha1_base64="9RZ4AjG+3ofGzc01Dt043vopGwc="></latexit>

(iii)L(✓⇡) = H(⇡), the entropy of the stationary distribution
<latexit sha1_base64="vVHdrMLiZChSInc+Z6ge6xOr81c="></latexit>

(iv)rL(✓⇡) = 0, i.e.✓⇡ is a stationary point

 

 Saddle point (no weight tying)
<latexit sha1_base64="/NMi3hlEULVc77jLXl1VzQV6RKo="></latexit>

Under the same setting as above with the weights not tied,
<latexit sha1_base64="cqVLrkkd6JQ24nJzZbwxv0nxK5U="></latexit>

✓⇡ becomes a saddle point. It satisfies the same properties.
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<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="2LvM+7tHzBUprUxqMam5UFUPrj8=">AAAB/XicbVDLSgMxFL3js9bX+Ni5CRbBVZmRom6UghuXFewD2qFkMpk2NDMZkoxQh+KvuHGhiFv/w51/Y6adhbYeCDmccy85OX7CmdKO820tLa+srq2XNsqbW9s7u/befkuJVBLaJIIL2fGxopzFtKmZ5rSTSIojn9O2P7rJ/fYDlYqJ+F6PE+pFeBCzkBGsjdS3D7OeL3igxpG5EJ6gK+Sgvl1xqs4UaJG4BalAgUbf/uoFgqQRjTXhWKmu6yTay7DUjHA6KfdSRRNMRnhAu4bGOKLKy6bpJ+jEKAEKhTQn1miq/t7IcKTyfGYywnqo5r1c/M/rpjq89DIWJ6mmMZk9FKYcaYHyKlDAJCWajw3BRDKTFZEhlphoU1jZlODOf3mRtM6q7nm1dler1K+LOkpwBMdwCi5cQB1uoQFNIPAIz/AKb9aT9WK9Wx+z0SWr2DmAP7A+fwAVvZRR</latexit>

a = 0

<latexit sha1_base64="e8x/lR4jX9gYhmBpzH400m3Spj4=">AAACGnicbVDLSgMxFM3UV62vqks3wSLUTZmRom6UghuXFewDOnXIpJk2NJMZkjtiGfodbvwVNy4UcSdu/BszbRfaeiDkcM693HuPHwuuwba/rdzS8srqWn69sLG5tb1T3N1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vKHV5nfumdK80jewihm3ZD0JQ84JWAkr+gEXur6kejpUWg+7MKAARmXHzznTh7jC+xq3g9J2Z/wmHuOVyzZFXsCvEicGSmhGepe8dPtRTQJmQQqiNYdx46hmxIFnAo2LriJZjGhQ9JnHUMlCZnuppPTxvjIKD0cRMo8CXii/u5ISaiz1U1lSGCg571M/M/rJBCcd1Mu4wSYpNNBQSIwRDjLCfe4YhTEyBBCFTe7YjogilAwaRZMCM78yYukeVJxTivVm2qpdjmLI48O0CEqIwedoRq6RnXUQBQ9omf0it6sJ+vFerc+pqU5a9azj/7A+voB9UmfgA==</latexit>

f✓(x
n
1 ) = �(b) = ⇡1



Intuition

x1 . . . xn . . . xN 2 {0, 1}

Embedding Embedding Embedding
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logitN. . . . . .

f✓̄(x
1
1) f✓̄(x

n
1 ) f✓̄(x

N
1 ). . . . . .

Hessian is (almost) positive-definite

Hessian is indefinite

weight-tying

no weight-tying



Main results

✓⇤ ✓⇡

✓

L(✓)
weight-tying

global minima

bad local-minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="s2QtprXyBSlp2iug1ozoWDiJ5MY="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn

1 )

<latexit sha1_base64="H0nS2ngsfPcxokguNSJeNWXbi68="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

✓⇤ ✓⇡

✓

L(✓)

no weight-tying

saddle point

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1



Weight tying
<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

Gets stuck at local minima!



<latexit sha1_base64="+n+AmGuVHh+IzK6yZZuBANlIv7E=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsKtCTaWFhgAkgCF7K37MGGvd1zd4+EXPgdNhYaY+uPsfPfuMAVCr5kkpf3ZjIzL4g508Z1v53cxubW9k5+t7C3f3B4VDw+aWuZKEJbRHKpOgHWlDNBW4YZTjuxojgKOH0Mxrdz/3FClWZSNM00pn6Eh4KFjGBjJb9JtUFcao3K9+V+seRW3AXQOvEyUoIMjX7xqzeQJImoMIRjrbueGxs/xcowwums0Es0jTEZ4yHtWipwRLWfLo6eoQurDFAolS1h0EL9PZHiSOtpFNjOCJuRXvXm4n9eNzHhtZ8yESeGCrJcFCYcGYnmCaABU5QYPrUEE8XsrYiMsMLE2JwKNgRv9eV10q5WvFql9lAt1W+yOPJwBudwCR5cQR3uoAEtIPAEz/AKb87EeXHenY9la87JZk7hD5zPH2uxkTo=</latexit> T
es
t
lo
ss

L

<latexit sha1_base64="bzhhWnMuuPjs64YKjUcq/p2G6Ug=">AAAB8HicbZA9TwJBEIbn8AvxC7W02UhMrMgdBVoSbbTDREADF7K3zMGG3bvL7p4JIfwKGwuNsfXn2PlvXI4rFHyTTZ68M5OdeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo7aOU8WwxWIRq4eAahQ8wpbhRuBDopDKQGAnGF/P650nVJrH0b2ZJOhLOox4yBk11nq8Nagy6pcrbtXNRFbBy6ECuZr98ldvELNUYmSYoFp3PTcx/pQqw5nAWamXakwoG9Mhdi1GVKL2p9nCM3JmnQEJY2VfZEjm/p6YUqn1RAa2U1Iz0su1uflfrZua8NKf8ihJDUZs8VGYCmJiMr+eDLhCZsTEAmWK210JG1FFmc1Bl2wI3vLJq9CuVb16tX5XqzSu8jiKcAKncA4eXEADbqAJLWAg4Rle4c1Rzovz7nwsWgtOPnMMf+R8/gD+ZpCM</latexit>

Iteration

<latexit sha1_base64="77leIZoJfu6UNjp1uskKZgDYFjk=">AAAB+nicbVBNT8JAEN3iF+IX6NHLRmLiRdJyQI9ELx4xkY8EGrJdtu2G7bbZnUpI5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM8xLBNdj2t1XY2Nza3inulvb2Dw6PypXjjo5TRVmbxiJWPY9oJrhkbeAgWC9RjESeYF1vfDv3u49MaR7LB5gmzI1IILnPKQEjDcuVLocQTxgPQriEKZfBsFy1a/YCeJ04OamiHK1h+WswimkaMQlUEK37jp2AmxEFnAo2Kw1SzRJCxyRgfUMliZh2s8XpM3xulBH2Y2VKAl6ovycyEmk9jTzTGREI9ao3F//z+in4127GZZICk3S5yE8FhhjPc8AjrhgFMTWEUMXNrZiGRBEKJq2SCcFZfXmddOo1p1Fr3NerzZs8jiI6RWfoAjnoCjXRHWqhNqJogp7RK3qznqwX6936WLYWrHzmBP2B9fkDMzyT+g==</latexit>

With weight-tying
<latexit sha1_base64="FbPlo7GHDNRgdRjczi9LYp2ZHLY=">AAAB83icbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WRfBYwX5Au5Rsmm1Ds0lIZoWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5kRbcgu9/e4WNza3tneJuaW//4PCofHzStio1lLWoEsp0I2KZ4JK1gINgXW0YSSLBOtHkdu53npixXMlHmGoWJmQkecwpASf17yQYpafYEGCDcsWv+gvgdRLkpIJyNAflr/5Q0TRhEqgg1vYCX0OYEQOcCjYr9VPLNKETMmI9RyVJmA2zxc0zfOGUIY6VcSUBL9TfExlJrJ0mketMCIztqjcX//N6KcTXYcalToFJulwUpwKDwvMA8JAbRkFMHSHUcHcrpmNiCAUXU8mFEKy+vE7atWpQr9YfapXGTR5HEZ2hc3SJAnSFGugeNVELUaTRM3pFb17qvXjv3seyteDlM6foD7zPHxJ5kbg=</latexit>

Entropy rate
<latexit sha1_base64="xasKT4Y75t4ySSLIzVze3ntUQD4=">AAACC3icbVDLSgMxFM34rPVVdekmtAiuykwX1WVRBJcV7APaoWTSTBuaSYbkjlCG7t34K25cKOLWH3Dn35iZdqGtBwKHc+7l5pwgFtyA6347a+sbm1vbhZ3i7t7+wWHp6LhtVKIpa1EllO4GxDDBJWsBB8G6sWYkCgTrBJPrzO88MG24kvcwjZkfkZHkIacErDQolW8kaBVPsQqxgVwkeoqH9rLmQTIfqrhVNwdeJd6CVNACzUHpqz9UNImYBCqIMT3PjcFPiQZOBZsV+4lhMaETMmI9SyWJmPHTPMsMn1lliEOl7ZOAc/X3RkoiY6ZRYCcjAmOz7GXif14vgfDST7mME2CSzg+FicCgcFaMjawZBZFlJ1Rz+1dMx0QTCra+oi3BW468Stq1qlev1u9qlcbVoo4COkVldI48dIEa6BY1UQtR9Iie0St6c56cF+fd+ZiPrjmLnRP0B87nD+OYm5w=</latexit>

Entropy of stationary distribution

<latexit sha1_base64="ErNoUHj5uAEcnN0zZqrcTbLA6aw=">AAAB/XicbVDLSsNAFJ3UV62v+ti5GSyCG0vSRXVZdOOygn1AG8pkOkmGTiZh5kaJofgrblwo4tb/cOffOH0stPXAhcM593LvPV4iuAbb/rYKK6tr6xvFzdLW9s7uXnn/oK3jVFHWorGIVdcjmgkuWQs4CNZNFCORJ1jHG11P/M49U5rH8g6yhLkRCST3OSVgpEH5qMMhjFPAD4wHIZxDxmUwKFfsqj0FXibOnFTQHM1B+as/jGkaMQlUEK17jp2AmxMFnAo2LvVTzRJCRyRgPUMliZh28+n1Y3xqlCH2Y2VKAp6qvydyEmmdRZ7pjAiEetGbiP95vRT8SzfnMkmBSTpb5KcCQ4wnUeAhV4yCyAwhVHFzK6YhUYSCCaxkQnAWX14m7VrVqVfrt7VK42oeRxEdoxN0hhx0gRroBjVRC1H0iJ7RK3qznqwX6936mLUWrPnMIfoD6/MHw8iVcA==</latexit>

Without weight-tying

Without weight tying

Converges to global minima



Main results

✓⇤ ✓⇡

✓

L(✓)
weight-tying

global minima

bad local-minima

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1
<latexit sha1_base64="6IytXBn87x4VwPfnSP2WBTQacdY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISKepJCl48VrAf0Iay2W7apZtN3J2oJfanePGgiFd/iTf/jds2B219MPB4b4aZeX4suAbH+bZyK6tr6xv5zcLW9s7unl3cb+ooUZQ1aCQi1faJZoJL1gAOgrVjxUjoC9byR1dTv3XPlOaRvIVxzLyQDCQPOCVgpJ5d7AJ7hJQIMcHdMo7Ldz275FScGfAycTNSQhnqPfur249oEjIJVBCtO64Tg5cSBZwKNil0E81iQkdkwDqGShIy7aWz0yf42Ch9HETKlAQ8U39PpCTUehz6pjMkMNSL3lT8z+skEFx4KZdxAkzS+aIgERgiPM0B97liFMTYEEIVN7diOiSKUDBpFUwI7uLLy6R5WnHPKtWbaql2mcWRR4foCJ0gF52jGrpGddRAFD2gZ/SK3qwn68V6tz7mrTkrmzlAf2B9/gCC8pOB</latexit>

all p, q

<latexit sha1_base64="s2QtprXyBSlp2iug1ozoWDiJ5MY="></latexit>

f✓⇤(x
n
1 ) = P(xn+1 = 1 | xn

1 )

<latexit sha1_base64="H0nS2ngsfPcxokguNSJeNWXbi68="></latexit>

f✓⇡ (x
n
1 ) = P(xn+1 = 1)

✓⇤ ✓⇡

✓

L(✓)

no weight-tying

saddle point

<latexit sha1_base64="S2ZxcgTJSIn6jwZD1CLhFvfcinI=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAEIexKUE8h4MVjBPOAZAmzk9lkyOzsZqZXCCE/4cWDIl79HW/+jZNkD5pY0FBUddPdFSRSGHTdb2dtfWNzazu3k9/d2z84LBwdN0ycasbrLJaxbgXUcCkUr6NAyVuJ5jQKJG8Gw7uZ33zi2ohYPeI44X5E+0qEglG0Uiu5JCNSIV63UHRL7hxklXgZKUKGWrfw1enFLI24QiapMW3PTdCfUI2CST7Nd1LDE8qGtM/blioaceNP5vdOyblVeiSMtS2FZK7+npjQyJhxFNjOiOLALHsz8T+vnWJ460+ESlLkii0WhakkGJPZ86QnNGcox5ZQpoW9lbAB1ZShjShvQ/CWX14ljauSd10qP5SL1UoWRw5O4QwuwIMbqMI91KAODCQ8wyu8OSPnxXl3Phata042cwJ/4Hz+AAwTjqo=</latexit>

p+ q > 1



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Gradient-flow

Learning dynamics



Gradient flow



Gradient flow

<latexit sha1_base64="li4tJ7jWIyRFI48ZihD4ZzRUf14="></latexit>

dωt

dt
= →↑L(ωt)



Gradient flow

<latexit sha1_base64="li4tJ7jWIyRFI48ZihD4ZzRUf14="></latexit>

dωt

dt
= →↑L(ωt)

Transformer parameters

Next-token prediction loss
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

<latexit sha1_base64="65wyq/C5fm0sXYdPqTuwUTRanII=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRS1JUU3LisYB/QhDKZTNuhk0mYuRFKCPgrblwo4tbvcOffOGmz0NYDwxzOuZc5c4JEcA2O822trK6tb2xWtqrbO7t7+/bBYUfHqaKsTWMRq15ANBNcsjZwEKyXKEaiQLBuMLkt/O4jU5rH8gGmCfMjMpJ8yCkBIw3s48wLYhHqaWSuzIMxA5LnA7vm1J0Z8DJxS1JDJVoD+8sLY5pGTAIVROu+6yTgZ0QBp4LlVS/VLCF0Qkasb6gkEdN+Nouf4zOjhHgYK3Mk4Jn6eyMjkS4CmsmIwFgveoX4n9dPYXjtZ1wmKTBJ5w8NU4EhxkUXOOSKURBTQwhV3GTFdEwUoWAaq5oS3MUvL5PORd29rDfuG7XmTVlHBZ2gU3SOXHSFmugOtVAbUZShZ/SK3qwn68V6tz7moytWuXOE/sD6/AF6npZ3</latexit>

✓

Recall
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Low-rank structure
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Reparametrization

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="Lu4TL/ilUkoInEkFDqUCQ+Qd+/w=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bp7ibsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2VHrDrDipVr+bNgVaJX5AqFGgOKl/9YUxSQaUhHGvd873EBBlWhhFOZ24/1TTBZIJHtGepxILqIJufOkNnVhmiKFa2pEFz9fdEhoXWUxHaToHNWC97ufif10tNdB1kTCapoZIsFkUpRyZG+d9oyBQlhk8twUQxeysiY6wwMTadPAR/+eVV0r6o+fVa/f6y2rgp4ijDCZzCOfhwBQ24gya0gMAInuEV3hzuvDjvzseiteQUM8fwB87nDy/kjRg=</latexit>a

<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w
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<latexit sha1_base64="UTBxeQKa3vkSplvqn2AzDUaHadM=">AAACKnicbVDLSgMxFM3UV62vUZdugkUQhDIjRd0oFTcuK9gHdErJZNI2NJMMSUZahn6PG3/FTRdKceuHmGln0YcXkhzOOZfce/yIUaUdZ2rlNja3tnfyu4W9/YPDI/v4pK5ELDGpYcGEbPpIEUY5qWmqGWlGkqDQZ6ThD55SvfFGpKKCv+pRRNoh6nHapRhpQ3XsR88XLFCj0DzJcNzh8B4Oze3hQGi4KJIxvFoiotQNYccuOi VnVnAduBkogqyqHXviBQLHIeEaM6RUy3Ui3U6Q1BQzMi54sSIRwgPUIy0DOQqJaiezVcfwwjAB7AppDtdwxi52JChU6XzGGSLdV6taSv6ntWLdvWsnlEexJhzPP+rGDGoB09xgQCXBmo0MQFhSMyvEfSQR1ibdggnBXV15HdSvS+5NqfxSLlYesjjy4Aycg0vggltQAc+gCmoAg3fwCb7At/VhTayp9TO35qys5xQslfX7BwOQp5U=</latexit>

xn = xn · e+ pn

<latexit sha1_base64="bQYYyIfjMIKaO8SDXvFQ84M1NwI=">AAACa3icbVHLihNBFK1uXzHqGM1CUReFITAwQ+iWMM4mQ8CNOyOYB6RjU11dSYrUo6m6PRia3swnuvMPZuM/WJ1kkYcHijqc+6h7TyWZ4BaC4I/nP3j46PGT2tP6s+cvzl42Xr0eWZ0byoZUC20mCbFMcMWGwEGwSWYYkYlg42T1pYqPb5mxXKsfsM7YTJKF4nNOCTgpbtxFiRapXUt3FesyVriH96VflXRxII3L+BuObC7jgv fC8qfCkSSwNLIgAGVcqEte4oimGo7LRsetOXaIG62gE2yAT0m4Iy20wyBu/I5STXPJFFBBrJ2GQQazghjgVLCyHuWWZYSuyIJNHVVEMjsrNl6VuO2UFM+1cUcB3qj7FQWRthrQZVZb2eNYJf4vNs1hfj0ruMpyYIpuH5rnAoPGlfE45YZREGtHCDXczYrpkhhCwX1P3ZkQHq98SkafOuFVp/u92+rf7OyooffoIzpHIfqM+ugrGqAhoujeO/PeeG+9v37Tf+d/2Kb63q6miQ7gt/8B3S28lw==</latexit>

yn = xn +WO

nX

i=1

attn,i ·W V xi

<latexit sha1_base64="E73KVncQaLCwBPG69S071lnwvxQ=">AAACV3icbVFNS8MwGE67qXN+dXr0EhzCRBntGOpFGXjx4GGK+4B1lDTLtrA0LUkqzNI/KV72V7xouu2wDx8IeXjej7zvEz9iVCrbnhlmLr+zu1fYLx4cHh2fWKXTtgxjgUkLhywUXR9JwignLUUVI91IEBT4jHT8yVMW73wQIWnI39U0Iv0AjTgdUoyUljyLu37IBnIa6Cv5TD0OH+CqNM2k6zWpk3o16N5AN0BqLILkjby00s pGhrPV5QpqeFbZrtpzwG3iLEkZLNH0rC93EOI4IFxhhqTsOXak+gkSimJG0qIbSxIhPEEj0tOUo4DIfjL3JYWXWhnAYSj04QrO1dWKBAUym1BnZrvIzVgm/hfrxWp4308oj2JFOF48NIwZVCHMTIYDKghWbKoJwoLqWSEeI4Gw0l9R1CY4mytvk3at6txW66/1cuNxaUcBnIMLUAEOuAMN8AyaoAUw+AY/Rs7IGzPj19w1C4tU01jWnIE1mKU/bLO1MA==</latexit>

zn = yn +W 2 ReLU(W 1yn)

<latexit sha1_base64="xHwmgL8NBskKHxgvJVv187TCBtc=">AAACRHicbVDLSgMxFM34rPU16tJNsAiCUmakqBul4MZlFfuAmVIyadqGZpIhyQh1mI9z4we48wvcuFDErZhpZ2FbD4ScnHtucnOCiFGlHefVWlhcWl5ZLawV1zc2t7btnd2GErHEpI4FE7IVIEUY5aSuqWakFUmCwoCRZjC8zurNByIVFfxejyLSDlGf0x7FSBupY3t+iPRAhgkTfarTDoeX0GeI9xmBfiBYV41CsyUoPYFTwm Pm9eXEeQwD6FNzzi4LguQuhQYdu+SUnTHgPHFzUgI5ah37xe8KHIeEa8yQUp7rRLqdIKkpZiQt+rEiEcJD1CeeoRyFRLWTcQgpPDRKF/aENItrOFb/diQoVNnsxplNqWZrmfhfzYt176KdUB7FmnA8eagXM6gFzBKFXSoJ1mxkCMKSmlkhHiCJsDa5F00I7uyX50njtOyelSu3lVL1Ko+jAPbBATgCLjgHVXADaqAOMHgCb+ADfFrP1rv1ZX1PrAtW3rMHpmD9/AInmLFm</latexit>

logitn = ha, zni+ b 2 R

<latexit sha1_base64="mr4VA9/UDNMSGfKo745Csfv3PuA="></latexit>

f✓(x
n
1 ) = P✓(xn+1 = 1 | xn

1 ) = �(logitn)

Reparametrization

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="Lu4TL/ilUkoInEkFDqUCQ+Qd+/w=">AAAB6nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqseiF48V7Qe0oWy2m3bp7ibsboQS+hO8eFDEq7/Im//GTZuDtj4YeLw3w8y8MOFMG8/7dkpr6xubW+Vtd2d3b/+gcnjU1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaSec3OZ+54kqzWL5aKYJDQQeSRYxgo2VHrDrDipVr+bNgVaJX5AqFGgOKl/9YUxSQaUhHGvd873EBBlWhhFOZ24/1TTBZIJHtGepxILqIJufOkNnVhmiKFa2pEFz9fdEhoXWUxHaToHNWC97ufif10tNdB1kTCapoZIsFkUpRyZG+d9oyBQlhk8twUQxeysiY6wwMTadPAR/+eVV0r6o+fVa/f6y2rgp4ijDCZzCOfhwBQ24gya0gMAInuEV3hzuvDjvzseiteQUM8fwB87nDy/kjRg=</latexit>a

<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w

<latexit sha1_base64="bnnGNzwAP8OmOOFDu1xQCaWzDf4=">AAACGHicbVBNSwMxEM36bf2qevQSLIJCqbsq6kUoevFYxWqhW0s2ndrQbHZJZpWy9Gd48a948aCIV2/+G7O1B20dCHm8N8O8eUEshUHX/XImJqemZ2bn5nMLi0vLK/nVtWsTJZpDlUcy0rWAGZBCQRUFSqjFGlgYSLgJumeZfnMP2ohIXWEvhkbI7pRoC87QUs38rh9EsmV6of1SHzuArE9P6DYUH4psh/pCUT9k2AmC9LJ/u59r5gtuyR0UHQfeEBTIsCrN/KffingSgkIumTF1z42xkTKNgkvo5/zEQMx4l91B3ULFQjCNdHBYn25ZpkXbkbZPIR2wvydSFprMu+3MTJpRLSP/0+oJto8bqVBxgqD4z6J2IilGNEuJtoQGjrJnAeNaWK+Ud5hmHG2WWQje6Mnj4Hqv5B2WDi8OCuXTYRxzZINskm3ikSNSJuekQqqEk0fyTF7Jm/PkvDjvzsdP64QznFknf8r5/AbvgZ8O</latexit>

ω = (e, w, a) → R3



Gradient flow

<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3



<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3

How does the flow look like?



<latexit sha1_base64="vRTi6c/AfLMYssM1JGlX1eaISRo="></latexit>

dωt

dt
= →↑L(ωt), ωt = (et, wt, at) ↓ R3

How does the flow look like?

<latexit sha1_base64="0sHCR3QQcCKR68IU6gS5xsGtbzI=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LBbBU0lEqheh6MVjBfsBbSib7aZdursJuxuhhP4ILx4U8erv8ea/cdPmoK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetXWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ3e533miSrNYPpppQgOBR5JFjGBjpQ5GN8hz3UGl6tW8OdAq8QtShQLNQeWrP4xJKqg0hGOte76XmCDDyjDC6cztp5ommEzwiPYslVhQHWTzc2fozCpDFMXKljRorv6eyLDQeipC2ymwGetlLxf/83qpia6DjMkkNVSSxaIo5cjEKP8dDZmixPCpJZgoZm9FZIwVJsYmlIfgL7+8StoXNb9eqz9cVhu3RRxlOIFTOAcfrqAB99CEFhCYwDO8wpuTOC/Ou/OxaC05xcwx/IHz+QPNq43t</latexit>

a = 0
<latexit sha1_base64="P23mU5dBSKpUNveqCnO0upJiQ3Q=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAxCBAm7ItGLEPTiMYJ5QBLC7KSTDJl9MNOrhCUnL/6KFw+KePUbvPk3ziY5aLRgmKKqm+4uL5JCo+N8WZmFxaXllexqbm19Y3PL3t6p6TBWHKo8lKFqeEyDFAFUUaCERqSA+Z6Euje8Sv36HSgtwuAWRxG0fdYPRE9whkbq2PstL5RdPfLNl7RwAMjG9IIW4Pj+KJfr2Hmn6ExA/xJ3RvJkhkrH/mx1Qx77ECCXTOum60TYTphCwSWMc61YQ8T4kPWhaWjAfNDtZHLGmB4apUt7oTIvQDpRf3YkzNfppqbSZzjQ814q/uc1Y+ydtxMRRDFCwKeDerGkGNI0E9oVCjjKkSGMK2F2pXzAFONokktDcOdP/ktqJ0W3VCzdnObLl7M4smSPHJACcckZKZNrUiFVwskDeSIv5NV6tJ6tN+t9WpqxZj275Besj29chpe/</latexit>

ω = (e, w)



p+q < 1

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w



<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w

p+q < 1



p+q < 1 Gaussian init. converges to global minima



p+q > 1



p+q > 1 Gets stuck at local minima!

<latexit sha1_base64="Rn6/rUAaqdRHmtThimE5PNEA7tg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0Ip/QdePCji1X/kzX/jps1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4NvPbT6g0j+WjmSToR3QoecgZNVZ6wFK/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYw/pcpwJnBW6qUaE8rGdIhdSyWNUPvT+aUzcmaVAQljZUsaMld/T0xppPUkCmxnRM1IL3uZ+J/XTU147U+5TFKDki0WhakgJibZ22TAFTIjJpZQpri9lbARVZQZG04Wgrf88ippXVS9WrV2f1mp3+RxFOEETuEcPLiCOtxBA5rAIIRneIU3Z+y8OO/Ox6K14OQzx/AHzucPAX+NCA==</latexit>e
<latexit sha1_base64="aP35l7sJD99n9zZdTbg/9vmXVBo=">AAAB6nicbVBNS8NAEJ31s8avqkcvi0XwVBKR6rHoxWNF+wFtKJvtpl262YTdjVJCf4IXD4p49Rd589+4aXPQ1gcDj/dmmJkXJIJr47rfaGV1bX1js7TlbO/s7u2XDw5bOk4VZU0ai1h1AqKZ4JI1DTeCdRLFSBQI1g7GN7nffmRK81g+mEnC/IgMJQ85JcZK90+O0y9X3Ko7A14mXkEqUKDRL3/1BjFNIyYNFUTrrucmxs+IMpwKNnV6qWYJoWMyZF1LJYmY9rPZqVN8apUBDmNlSxo8U39PZCTSehIFtjMiZqQXvVz8z+umJrzyMy6T1DBJ54vCVGAT4/xvPOCKUSMmlhCquL0V0xFRhBqbTh6Ct/jyMmmdV71atXZ3UalfF3GU4BhO4Aw8uIQ63EIDmkBhCM/wCm9IoBf0jj7mrSuomDmCP0CfP1FojS4=</latexit>w



Can we escape it? Initialise here



Gets stuck at local minima!Converges to global minima

<latexit sha1_base64="TCzWOstZxrhO9H9eNBcn1F+UlCY=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj14KHrxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNtzNre2d3eLefkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgz8ZtPVGkWy3szSmggcF+yiBFsrPSQnD6iK+S7brdY8sreFGiR+DkpQY5at/jV6cUkFVQawrHWbd9LTJBhZRjhdOx2Uk0TTIa4T9uWSiyoDrLpwWN0bJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpiS6DjMkkNVSS2aIo5cjEaPI96jFFieEjSzBRzN6KyAArTIzNaBKCP//yImmclf1KuXJ3Xqpe53EU4BCO4AR8uIAq3EIN6kBAwDO8wpujnBfn3fmYtS45+cwB/IHz+QMf4o6s</latexit>

p+ q < 1
<latexit sha1_base64="S91iHj0mOvBBKvM5n5/lEAFG3FU=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj1J0YvHCvZD2qVk02wbmmTXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dpeWV1bb2w4W5ube/sFvf2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw5uJ33yiSrNY3ptRQgOB+5JFjGBjpYfk9BFdId91u8WSV/amQIvEz0kJctS6xa9OLyapoNIQjrVu+15iggwrwwinY7eTappgMsR92rZUYkF1kE0PHqNjq/RQFCtb0qCp+nsiw0LrkQhtp8BmoOe9ifif105NdBlkTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGkxD8+ZcXSeOs7FfKlbvzUvU6j6MAh3AEJ+DDBVThFmpQBwICnuEV3hzlvDjvzsesdcnJZw7gD5zPHyLyjq4=</latexit>

p+ q > 1



<latexit sha1_base64="TCzWOstZxrhO9H9eNBcn1F+UlCY=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj14KHrxWMF+SLuUbJptQ5PsmmSFsvRXePGgiFd/jjf/jWm7B219MPB4b4aZeWHCmTae9+0sLa+srq0XNtzNre2d3eLefkPHqSK0TmIeq1aINeVM0rphhtNWoigWIafNcHgz8ZtPVGkWy3szSmggcF+yiBFsrPSQnD6iK+S7brdY8sreFGiR+DkpQY5at/jV6cUkFVQawrHWbd9LTJBhZRjhdOx2Uk0TTIa4T9uWSiyoDrLpwWN0bJUeimJlSxo0VX9PZFhoPRKh7RTYDPS8NxH/89qpiS6DjMkkNVSS2aIo5cjEaPI96jFFieEjSzBRzN6KyAArTIzNaBKCP//yImmclf1KuXJ3Xqpe53EU4BCO4AR8uIAq3EIN6kBAwDO8wpujnBfn3fmYtS45+cwB/IHz+QMf4o6s</latexit>

p+ q < 1
<latexit sha1_base64="S91iHj0mOvBBKvM5n5/lEAFG3FU=">AAAB8HicbVBNSwMxEJ31s65fVY9egkUQhLIrUj1J0YvHCvZD2qVk02wbmmTXJCuUpb/CiwdFvPpzvPlvTNs9aOuDgcd7M8zMCxPOtPG8b2dpeWV1bb2w4W5ube/sFvf2GzpOFaF1EvNYtUKsKWeS1g0znLYSRbEIOW2Gw5uJ33yiSrNY3ptRQgOB+5JFjGBjpYfk9BFdId91u8WSV/amQIvEz0kJctS6xa9OLyapoNIQjrVu+15iggwrwwinY7eTappgMsR92rZUYkF1kE0PHqNjq/RQFCtb0qCp+nsiw0LrkQhtp8BmoOe9ifif105NdBlkTCapoZLMFkUpRyZGk+9RjylKDB9Zgoli9lZEBlhhYmxGkxD8+ZcXSeOs7FfKlbvzUvU6j6MAh3AEJ+DDBVThFmpQBwICnuEV3hzlvDjvzsesdcnJZw7gD5zPHyLyjq4=</latexit>

p+ q > 1



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Part I.a



TransformersMarkovian inputs

What do they learn? How do they learn?

<latexit sha1_base64="si48JIHzWfyGtXFlZVgLmIb1u2g=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7Arol6UgBcvQgTzgGQJs5NOMmT2wUyvGtZ8ihcPinj1S7z5N06SPWhiQUNR1U13lx9LodFxvq3c0vLK6lp+vbCxubW9Yxd36zpKFIcaj2Skmj7TIEUINRQooRkrYIEvoeEPryZ+4x6UFlF4h6MYvID1Q9ETnKGROnaxjfCI6Q0EkRqN6QV1O3bJKTtT0EXiZqREMlQ79le7G/EkgBC5ZFq3XCdGL2UKBZcwLrQTDTHjQ9aHlqEhC0B76fT0MT00Spf2ImUqRDpVf0+kLNB6FPimM2A40PPeRPzPayXYO/dSEcYJQshni3qJpBjRSQ60KxRwlCNDGFfC3Er5gCnG0aRVMCG48y8vkvpx2T0tn9yelCqXWRx5sk8OyBFxyRmpkGtSJTXCyQN5Jq/kzXqyXqx362PWmrOymT3yB9bnD6rEk5o=</latexit>

Memory = 1
<latexit sha1_base64="URyzYkjf0KdN6hAAboHd2DLwxmE=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUS9KQA8eI5gHJEuYnfQmQ2YfzPQGw5I/8eJBEa/+iTf/xkmyB00saCiquunu8hMpNDrOt1VYWV1b3yhulra2d3b37P2Dho5TxaHOYxmrls80SBFBHQVKaCUKWOhLaPrD26nfHIHSIo4ecZyAF7J+JALBGRqpa9sdhCfM7iDBwYReU7drl52KMwNdJm5OyiRHrWt/dXoxT0OIkEumddt1EvQyplBwCZNSJ9WQMD5kfWgbGrEQtJfNLp/QE6P0aBArUxHSmfp7ImOh1uPQN50hw4Fe9Kbif147xeDKy0SUpAgRny8KUkkxptMYaE8o4CjHhjCuhLmV8gFTjKMJq2RCcBdfXiaNs4p7UTl/OC9Xb/I4iuSIHJNT4pJLUiX3pEbqhJMReSav5M3KrBfr3fqYtxasfOaQ/IH1+QO2O5MM</latexit>

Depth = 1

Single-layer transformers sometimes fail 

to learn even first-order Markov chains!

Markovian switching and initialization 

play a key role in the learning dynamics



TransformersMarkovian inputs

Part I.b

<latexit sha1_base64="ZUj+3TghpYD65yjrbZPSFipbmCg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUU8hoAePEcwDkiXMTnqTIbMPZnqDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/sH9uFRU8ep4tDgsYxV22capIiggQIltBMFLPQltPzR7cxvjUFpEUePOEnAC9kgEoHgDI3Us+0uwhNmd5DgcEqr1O3ZZafizEFXiZuTMslR79lf3X7M0xAi5JJp3XGdBL2MKRRcwrTUTTUkjI/YADqGRiwE7WXzy6f0zCh9GsTKVIR0rv6eyFio9ST0TWfIcKiXvZn4n9dJMbjxMhElKULEF4uCVFKM6SwG2hcKOMqJIYwrYW6lfMgU42jCKpkQ3OWXV0nzouJeVS4fLsu1ah5HkZyQU3JOXHJNauSe1EmDcDImz+SVvFmZ9WK9Wx+L1oKVzxyTP7A+fwC3wZMN</latexit>

Depth > 1
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory



TransformersMarkovian inputs
<latexit sha1_base64="ZUj+3TghpYD65yjrbZPSFipbmCg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUU8hoAePEcwDkiXMTnqTIbMPZnqDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/sH9uFRU8ep4tDgsYxV22capIiggQIltBMFLPQltPzR7cxvjUFpEUePOEnAC9kgEoHgDI3Us+0uwhNmd5DgcEqr1O3ZZafizEFXiZuTMslR79lf3X7M0xAi5JJp3XGdBL2MKRRcwrTUTTUkjI/YADqGRiwE7WXzy6f0zCh9GsTKVIR0rv6eyFio9ST0TWfIcKiXvZn4n9dJMbjxMhElKULEF4uCVFKM6SwG2hcKOMqJIYwrYW6lfMgU42jCKpkQ3OWXV0nzouJeVS4fLsu1ah5HkZyQU3JOXHJNauSe1EmDcDImz+SVvFmZ9WK9Wx+L1oKVzxyTP7A+fwC3wZMN</latexit>

Depth > 1
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory

In-context learning (ICL) emerges!



ICL

Mr and Mrs Dursley, of number four, Privet Drive, were 
proud to say that they were perfectly normal, thank you 
very much. They were the last people you'd expect to be 
involved in anything strange or mysterious, because they 
just didn't hold with such nonsense. Mr Dursley was the 
director of a firm called Grunnings, which made drills. He 
was a big, beefy man with hardly any neck, although he 
did have a very large moustache. Mrs Durs___



ICL for Markov inputs

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution



ICL for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

Main idea: Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1



ICL for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

Main idea:

In-context estimator:
<latexit sha1_base64="NV4sMwWh4Gar25YAbw9qoFshAmc="></latexit>

P̂rk(x | x1, · · · , xt) ↭
∑t

i=k+1 I(xi = x, xi→1 = xt, . . . , xi→k = xt→k+1)
∑t

i=k+1 I(xi→1 = xn, . . . , xi→k = xt→k+1)

Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1



ICL for kth-order Markov

Input: 0 1 0 10 32 3 · · · 0 1

match final
k symbols

Uniform
distribution

In-context estimator:
<latexit sha1_base64="NV4sMwWh4Gar25YAbw9qoFshAmc="></latexit>

P̂rk(x | x1, · · · , xt) ↭
∑t

i=k+1 I(xi = x, xi→1 = xt, . . . , xi→k = xt→k+1)
∑t

i=k+1 I(xi→1 = xn, . . . , xi→k = xt→k+1)

Context-matching

Main idea: Use historical tokens of same context as to predict<latexit sha1_base64="SDoavPUx05hHor2Dc4O5oy1ctHM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cKpi20oWy2m3bpZhN2J2IJ/Q1ePCji1R/kzX/jps1BWx8MPN6bYWZekAiu0XG+rdLa+sbmVnm7srO7t39QPTxq6zhVlHk0FrHqBkQzwSXzkKNg3UQxEgWCdYLJbe53HpnSPJYPOE2YH5GR5CGnBI3kPQ2wUhlUa07dmcNeJW5BalCgNah+9YcxTSMmkQqidc91EvQzopBTwWaVfqpZQuiEjFjPUEkipv1sfuzMPjPK0A5jZUqiPVd/T2Qk0noaBaYzIjjWy14u/uf1Ugyv/YzLJEUm6WJRmAobYzv/3B5yxSiKqSGEKm5utemYKELR5JOH4C6/vEraF3W3UW/cX9aaN0UcZTiBUzgHF66gCXfQAg8ocHiGV3izpPVivVsfi9aSVcwcwx9Ynz/fkI4W</latexit>xt
<latexit sha1_base64="KZu6KmLv3cqMG1yFhpw3qRzQx1c=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVY9OKxgv2QdinZNNuGJtklyYpl6a/w4kERr/4cb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8U3mtx+p0iyS92YSU1/goWQhI9hY6eGpn5ozb1oq9csVt+rOgJaJl5MK5Gj0y1+9QUQSQaUhHGvd9dzY+ClWhhFOp6VeommMyRgPaddSiQXVfjo7eIpOrDJAYaRsSYNm6u+JFAutJyKwnQKbkV70MvE/r5uY8MpPmYwTQyWZLwoTjkyEsu/RgClKDJ9Ygoli9lZERlhhYmxGWQje4svLpHVe9WrV2t1FpX6dx1GEIziGU/DgEupwCw1oAgEBz/AKb45yXpx352PeWnDymUP4A+fzB4Ccj5I=</latexit>xt+1



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k
<latexit sha1_base64="3051+qIc89vT9ArJeTVpvaymt2I=">AAAB83icbVBNS8NAEN34WetX1aOXxSJ4KolI9VjUg8cK9gOaUDbbabt0swm7E7GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuh8yAFAoaKFBCO9HAolBCKxzdTP3WI2gjYvWA4wSCiA2U6AvO0Eq+j/CE2S0kOJx0S2W34s5Al4mXkzLJUe+WvvxezNMIFHLJjOl4boJBxjQKLmFS9FMDCeMjNoCOpYpFYIJsdvOEnlqlR/uxtqWQztTfExmLjBlHoe2MGA7NojcV//M6KfavgkyoJEVQfL6on0qKMZ0GQHtCA0c5toRxLeytlA+ZZhxtTEUbgrf48jJpnle8aqV6f1GuXedxFMgxOSFnxCOXpEbuSJ00CCcJeSav5M1JnRfn3fmYt644+cwR+QPn8wePQ5IL</latexit>

Depth

In-context Markov chains



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k
<latexit sha1_base64="pmL1znHdEuvAGvX4mvB/jHX1y5E=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRG8G9eAxgnlAsoTZSW8yZPbhTG8wLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW94M/WbI1BaROEDjmNwA9YPhS84QyO5HYQnTG8hxsHVpFss2WV7BrpMnIyUSIZat/jV6UU8CSBELpnWbceO0U2ZQsElTAqdREPM+JD1oW1oyALQbjo7ekJPjNKjfqRMhUhn6u+JlAVajwPPdAYMB3rRm4r/ee0E/Us3FWGcIIR8vshPJMWIThOgPaGAoxwbwrgS5lbKB0wxjianggnBWXx5mTTOyk6lXLk/L1Wvszjy5Igck1PikAtSJXekRuqEk0fyTF7JmzWyXqx362PemrOymUPyB9bnDxiYklQ=</latexit>

Depth?



TransformersMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k
<latexit sha1_base64="pmL1znHdEuvAGvX4mvB/jHX1y5E=">AAAB9HicbVDLSgNBEJyNrxhfUY9eBoPgKeyKRG8G9eAxgnlAsoTZSW8yZPbhTG8wLPkOLx4U8erHePNvnCR70MSChqKqm+4uL5ZCo21/W7mV1bX1jfxmYWt7Z3evuH/Q0FGiONR5JCPV8pgGKUKoo0AJrVgBCzwJTW94M/WbI1BaROEDjmNwA9YPhS84QyO5HYQnTG8hxsHVpFss2WV7BrpMnIyUSIZat/jV6UU8CSBELpnWbceO0U2ZQsElTAqdREPM+JD1oW1oyALQbjo7ekJPjNKjfqRMhUhn6u+JlAVajwPPdAYMB3rRm4r/ee0E/Us3FWGcIIR8vshPJMWIThOgPaGAoxwbwrgS5lbKB0wxjianggnBWXx5mTTOyk6lXLk/L1Wvszjy5Igck1PikAtSJXekRuqEk0fyTF7JmzWyXqx362PemrOymUPyB9bnDxiYklQ=</latexit>

Depth?

What we know so far

‣ (Edelman et al., 2024 & Nichani et al., 2024): Number of heads/layers should 

scale with
<latexit sha1_base64="Ro7zpJc2IcDmHWYDSU+i6zoDzBU=">AAAB6HicdVDLSgNBEJyNrxhfUY9eBoPgaZmNIYm3oBePCZgHJEuYnXSSMbMPZmaFsOQLvHhQxKuf5M2/cTZZQUULGoqqbrq7vEhwpQn5sHJr6xubW/ntws7u3v5B8fCoo8JYMmizUISy51EFggfQ1lwL6EUSqO8J6Hqz69Tv3oNUPAxu9TwC16eTgI85o9pIrdmwWCJ23alWyAUmNlkiJZek7NSwkykllKE5LL4PRiGLfQg0E1SpvkMi7SZUas4ELAqDWEFE2YxOoG9oQH1QbrI8dIHPjDLC41CaCjReqt8nEuorNfc90+lTPVW/vVT8y+vHelx3Ex5EsYaArRaNY4F1iNOv8YhLYFrMDaFMcnMrZlMqKdMmm4IJ4etT/D/plG2naldblVLjKosjj07QKTpHDqqhBrpBTdRGDAF6QE/o2bqzHq0X63XVmrOymWP0A9bbJxGgjSM=</latexit>

k



But…

2-layer transformer 3-layer transformer



What’s happening



What’s happening

 

   Main result (Constant depth suffices)
<latexit sha1_base64="mQlb6WI9a0PI44mSZP/D+fxHr0Y="></latexit>

Any order k in-context estimator can be represented by a transformer
<latexit sha1_base64="k12mEoOF5mLRM7AGZFKEVr8JKa0="></latexit>

with 3 layers, 1 head per layer, relative positional encodings and layer norm.



What’s happening

 

   Main result (Constant depth suffices)
<latexit sha1_base64="mQlb6WI9a0PI44mSZP/D+fxHr0Y="></latexit>

Any order k in-context estimator can be represented by a transformer
<latexit sha1_base64="k12mEoOF5mLRM7AGZFKEVr8JKa0="></latexit>

with 3 layers, 1 head per layer, relative positional encodings and layer norm.

Without layer norm, you need logarithmic depth



Intuition

Layers 1 + 2

2

664

Emb(xn) Emb(xT )

· · · un
kunk2

· · · uT
kuT k2

vn
kvnk2

vT
kvT k2

3

775

Layer 3

⇥
· · · Emb(xn) · · · Emb(xT )

⇤

attT,n / exp
⇣
 hvn,uT i
kvnk2kuT k2

⌘

(realizes a kth-order induction head)

Emb

x1, · · · , xT

Capture context

Match contexts & count



Intuition

Layers 1 + 2

2

664

Emb(xn) Emb(xT )

· · · un
kunk2

· · · uT
kuT k2

vn
kvnk2

vT
kvT k2

3

775

Layer 3

⇥
· · · Emb(xn) · · · Emb(xT )

⇤

attT,n / exp
⇣
 hvn,uT i
kvnk2kuT k2

⌘

(realizes a kth-order induction head)

Emb

x1, · · · , xT

2 layers suffice!

[Ekbote et al. 2025]



TransformersMarkovian inputs

Part I.b

<latexit sha1_base64="ZUj+3TghpYD65yjrbZPSFipbmCg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUU8hoAePEcwDkiXMTnqTIbMPZnqDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/sH9uFRU8ep4tDgsYxV22capIiggQIltBMFLPQltPzR7cxvjUFpEUePOEnAC9kgEoHgDI3Us+0uwhNmd5DgcEqr1O3ZZafizEFXiZuTMslR79lf3X7M0xAi5JJp3XGdBL2MKRRcwrTUTTUkjI/YADqGRiwE7WXzy6f0zCh9GsTKVIR0rv6eyFio9ST0TWfIcKiXvZn4n9dJMbjxMhElKULEF4uCVFKM6SwG2hcKOMqJIYwrYW6lfMgU42jCKpkQ3OWXV0nzouJeVS4fLsu1ah5HkZyQU3JOXHJNauSe1EmDcDImz+SVvFmZ9WK9Wx+L1oKVzxyTP7A+fwC3wZMN</latexit>

Depth > 1
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory

What do they learn? How do they learn?



TransformersMarkovian inputs
<latexit sha1_base64="ZUj+3TghpYD65yjrbZPSFipbmCg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVUU8hoAePEcwDkiXMTnqTIbMPZnqDYcmfePGgiFf/xJt/4yTZgyYWNBRV3XR3+YkUGh3n2yqsrW9sbhW3Szu7e/sH9uFRU8ep4tDgsYxV22capIiggQIltBMFLPQltPzR7cxvjUFpEUePOEnAC9kgEoHgDI3Us+0uwhNmd5DgcEqr1O3ZZafizEFXiZuTMslR79lf3X7M0xAi5JJp3XGdBL2MKRRcwrTUTTUkjI/YADqGRiwE7WXzy6f0zCh9GsTKVIR0rv6eyFio9ST0TWfIcKiXvZn4n9dJMbjxMhElKULEF4uCVFKM6SwG2hcKOMqJIYwrYW6lfMgU42jCKpkQ3OWXV0nzouJeVS4fLsu1ah5HkZyQU3JOXHJNauSe1EmDcDImz+SVvFmZ9WK9Wx+L1oKVzxyTP7A+fwC3wZMN</latexit>

Depth > 1
<latexit sha1_base64="m4r4vF4bXIYyvNZJxz2Mu2yCvSc=">AAAB9HicbVBNS8NAEN3Ur1q/qh69BIvgqSQi6kkKXrwIFewHtKFstpN26SYbdyfFEPo7vHhQxKs/xpv/xm2bg7Y+GHi8N8PMPD8WXKPjfFuFldW19Y3iZmlre2d3r7x/0NQyUQwaTAqp2j7VIHgEDeQooB0roKEvoOWPbqZ+awxKcxk9YBqDF9JBxAPOKBrJ6yI8YXYHoVTppFeuOFVnBnuZuDmpkBz1Xvmr25csCSFCJqjWHdeJ0cuoQs4ETErdRENM2YgOoGNoREPQXjY7emKfGKVvB1KZitCeqb8nMhpqnYa+6QwpDvWiNxX/8zoJBldexqM4QYjYfFGQCBulPU3A7nMFDEVqCGWKm1ttNqSKMjQ5lUwI7uLLy6R5VnUvquf355XadR5HkRyRY3JKXHJJauSW1EmDMPJInskrebPG1ov1bn3MWwtWPnNI/sD6/AF/vZKT</latexit>

Memory

What do they learn? How do they learn?

Ongoing..

Part I.b



Part I

Structured data LLM 

 
Transformers Markov processes



Part II

Structured data LLM 

State-Space ModelsMarkov processes
(Mamba)



Even a single-layer Mamba learns the 

optimal Laplacian smoothing estimator!

Convolution plays a critical role, more so 

than gating and non-linearities



Part II

Structured data LLM 

State-Space ModelsMarkov processes

ICLR 2026From Markov to Laplace: How Mamba In-Context 
Learns Markov chains

(Mamba)



MambaMarkovian inputs

Mamba with Markov



MambaMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k

In-context Markov chains



MambaMarkovian inputs
<latexit sha1_base64="sBaXjVZtzjOiGkW9Q4Nmk96K/z4=">AAAB+nicbVDJSgNBEO1xjXGb6NFLYxA8hRmR6EUIevEiRDALJEPo6dQkTXoWumvUMOZTvHhQxKtf4s2/sbMcNPFBweO9Kqrq+YkUGh3n21paXlldW89t5De3tnd27cJeXcep4lDjsYxV02capIighgIlNBMFLPQlNPzB1dhv3IPSIo7ucJiAF7JeJALBGRqpYxfaCI+Y3UAYq+GIXtBBxy46JWcCukjcGSmSGaod+6vdjXkaQoRcMq1brpOglzGFgksY5duphoTxAetBy9CIhaC9bHL6iB4ZpUuDWJmKkE7U3xMZC7Uehr7pDBn29bw3Fv/zWikG514moiRFiPh0UZBKijEd50C7QgFHOTSEcSXMrZT3mWIcTVp5E4I7//IiqZ+U3HKpfHtarFzO4siRA3JIjolLzkiFXJMqqRFOHsgzeSVv1pP1Yr1bH9PWJWs2s0/+wPr8AQSTk9o=</latexit>

Memory = k



Mamba-based language model



RNN

Mamba-based language model



Mamba

Mamba 
<latexit sha1_base64="RjMwuTo0K+6cbs05WbqM/C9Yq7s="></latexit>

: x = (xt)
T
t=1 → Rd→T ↑↓ o = (ot)

T
t=1 → Rd→T

Input-selective 
recurrence



Mamba

Mamba 
<latexit sha1_base64="RjMwuTo0K+6cbs05WbqM/C9Yq7s="></latexit>

: x = (xt)
T
t=1 → Rd→T ↑↓ o = (ot)

T
t=1 → Rd→T

Temporal convolution



MambaMarkovian inputs

Mamba with Markov



Next-token prediction loss

Cross-entropy loss between  and prediction probability

<latexit sha1_base64="P9vvpIFDWQ6WE/xdSVXLV8QDw7k="></latexit>

L(ω) = → 1

T

∑

t→[T ]

EPExt+1
1 ↑P [log f

(xt+1)
ω (xt

1)]

<latexit sha1_base64="b5XninsHH4Q8q6Ja4Twb7m6zjns=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQklEqseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/nZXVtfWNzcJWcXtnd2+/dHDYNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqd+65FrI2L1gOOE+xEdKBEKRtFKradehufepFcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns3Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophtd+JlSSIldsvihMJcGYTH8nfaE5Qzm2hDIt7K2EDammDG1CRRuCt/jyMmleVLxqpXp/Wa7d5HEU4BhO4Aw8uIIa3EEdGsBgBM/wCm9O4rw4787HvHXFyWeO4A+czx8TIo9q</latexit>xt+1

<latexit sha1_base64="JbANjdXEqaWuu8dzc7bfn54U9w8="></latexit>

fω(x
t
1) = Pω(· | xt

1)



Optimal estimator: Laplacian smoothing

Prediction probability

<latexit sha1_base64="iZHT8sbE+Ntp/b6NjZe62llTWts="></latexit>

Pω(xt+1 = j | xt
1) ↭ EP [Pω(xt+1 = j | xt

1)] =
nj + ω

n+ 2ω

Add-     estimator<latexit sha1_base64="70lLMPLx7Mn8duaeTWcRM/zSQaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGF0HuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urLf0n7ou416o37y1rzpoijDCdwCufgwRU04Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvHaI6v</latexit>

ω



Optimal estimator: Laplacian smoothing

Prediction probability

<latexit sha1_base64="iZHT8sbE+Ntp/b6NjZe62llTWts="></latexit>

Pω(xt+1 = j | xt
1) ↭ EP [Pω(xt+1 = j | xt

1)] =
nj + ω

n+ 2ω

Add-     estimator<latexit sha1_base64="70lLMPLx7Mn8duaeTWcRM/zSQaw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48VTFtoQ9lsN+3SzSbsToQS+hu8eFDEqz/Im//GbZuDVh8MPN6bYWZemEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ74cc6aBac+vuAuQv8QpSgwKtQfWzP0xYFnOFTFJjep6bYpBTjYJJPqv0M8NTyiZ0xHuWKhpzE+SLY2fkzCpDEiXalkKyUH9O5DQ2ZhqHtjOmODar3lz8z+tlGF0HuVBphlyx5aIokwQTMv+cDIXmDOXUEsq0sLcSNqaaMrT5VGwI3urLf0n7ou416o37y1rzpoijDCdwCufgwRU04Q5a4AMDAU/wAq+Ocp6dN+d92Vpyiplj+AXn4xvHaI6v</latexit>

ω

<latexit sha1_base64="FFwDJr2NpHNYHsgA96io9wXVFVA="></latexit>

nj : no. of times token j follows the context xt
t→k+1

<latexit sha1_base64="MzgBJT17j1roWo3fSOqStZBIbes=">AAACI3icbVDLSgMxFM3UV62vqks3wSIIYpkRqeJKdONSwT6grSWTZtrQTDIkd6RlmH9x46+4caEUNy78F9M6C209EDiccy659/iR4AZc99PJLSwuLa/kVwtr6xubW8XtnZpRsaasSpVQuuETwwSXrAocBGtEmpHQF6zuD64nfv2RacOVvIdRxNoh6UkecErASp3ihbzALWBDSKQqYxVg4CEzmCo5EXGKh50EjgdHXvoAWRArSmNt0k6x5JbdKfA88TJSQhluO8Vxq6toHDIJVBBjmp4bQTshGjgVLC20YsMiQgekx5qWSmI3aSfTG1N8YJUuDpS2TwKeqr8nEhIaMwp9mwwJ9M2sNxH/85o xBOfthMsoBibpz0dBLDAoPCkMd7lmFMTIEkI1t7ti2ieaULC1FmwJ3uzJ86R2UvYq5crdaenyKqsjj/bQPjpEHjpDl+gG3aIqougJvaA39O48O6/O2Pn4ieacbGYX/YHz9Q3YPaRz</latexit>

n : no. of times context xt
t→k+1 occurs



Can Mamba learn Laplacian smoothing?



Can Mamba learn Laplacian smoothing?

<latexit sha1_base64="kmZq+fTTL8K0l8oDIecg0m4+0sw=">AAACJHicbVDLTgIxFO34RHww6tJNI5i4kcywQJdEN25MMJFHAhNypxRo6Ewnbcc4mfAlbtWvcWdcuPFTjAVmIeBJmpycc0/u7fEjzpR2nC9rbX1jc2s7t5Pf3ds/KNiHR00lYklogwguZNsHRTkLaUMzzWk7khQCn9OWP76Z+q1HKhUT4YNOIuoFMAzZgBHQRurZhZJbuuCQUInvTAp6dtEpOzPgVeJmpIgy1Hv2T7cvSBzQUBMOSnVcJ9JeClIzwukk340VjYCMYUg7hoYQUOWls8Mn+MwofTwQ0rxQ45n6N5FCoFQS+GYyAD1Sy95U/M/rxHpw5aUsjGJNQzJfNIg51gJPW8B9JinRPDEEiGTmVkxGIIFo09XCFl+IsQZfLfwkNUrMQT5N8qYwd7meVdKslN1quXpfKdaus+py6ASdonPkoktUQ7eojhqIoBg9oxf0ar1Z79aH9TkfXbOyzDFagPX9C7XWpLk=</latexit>

1-layer Mamba
<latexit sha1_base64="78rFEgAoWBwS3LIwdBQSvP+oE1c=">AAACKnicbVBNSwMxFMz6WetXVTx5CbaCF8tuD+pR9OKxQqtCXcrb9LUNzSZLkhXL0h/jVf013opXf4eY1j3Y6kBgmHmPeZkoEdxY3x97C4tLyyurhbXi+sbm1nZpZ/fWqFQzbDIllL6PwKDgEpuWW4H3iUaII4F30eBq4t89ojZcyYYdJhjG0JO8yxlYJ7VL+5WgciJgiJo2NEjTVTpG3S6V/ao/Bf1LgpyUSY56u/T10FEsjVFaJsCYVuAnNsxAW84EjooPqcEE2AB62HJUQowmzKbnj+iRUzrUJbsnLZ2qvzcyiI0ZxpGbjMH2zbw3Ef/zWqntnocZl0lqUbKfoG4qqFV00gXtcI3MiqEjwDR3t1LWBw3MusZmUiKlBhYiM/OTzCmpAP00KrrCgvl6/pLbWjU4rZ7e1MoXl3l1BXJADskxCcgZuSDXpE6ahJGMPJMX8uq9ee/e2Pv4GV3w8p09MgPv8xtLlKeq</latexit>

1-layer Transformer
<latexit sha1_base64="q8QZCmhuIkRqM0X1VIEzspfE0Gg=">AAACKnicbVDLSgMxFM34tr6q4spNsBXcWGa6qC6Lblwq2Ae0pdxJb9vQTDIkGbEM/Ri36te4E7d+h5g+Frb1QOBwzr2cmxPGghvr+5/eyura+sbm1nZmZ3dv/yB7eFQ1KtEMK0wJpeshGBRcYsVyK7Aea4QoFFgLB7djv/aE2nAlH+0wxlYEPcm7nIF1Ujt7ki/mLwUMUdNHDdJ0lY5Qt7M5v+BPQJdJMCM5MsN9O/vT7CiWRCgtE2BMI/Bj20pBW84EjjLNxGAMbAA9bDgqIULTSifnj+i5UzrUJbsnLZ2ofzdSiIwZRqGbjMD2zaI3Fv/zGontXrdSLuPEomTToG4iqFV03AXtcI3MiqEjwDR3t1LWBw3MusbmUkKlBhZCM/eT1CmJAP08yrjCgsV6lkm1WAhKhdJDMVe+mVW3RU7JGbkgAbkiZXJH7kmFMJKSF/JK3rx378P79L6moyvebOeYzMH7/gVNV6er</latexit>

2-layer Transformer
<latexit sha1_base64="HvZM/36b+tHk+6NlOkpIycL1Z2g=">AAACKHicbVDLTgIxFO34RHyhLN00EhNXZIaFuiS6ceECE3kkQMidUqCh007aO0Yy4Vvcql/jzrD1Q4zlsRDwJE1Ozrk39/SEsRQWfX/ibWxube/sZvay+weHR8e5k9Oa1YlhvMq01KYRguVSKF5FgZI3YsMhCiWvh8O7qV9/5sYKrZ5wFPN2BH0leoIBOqmTyz9ALIEJUJRbFBGgNp1cwS/6M9B1EixIgSxQ6eR+Wl3NkogrZBKsbQZ+jO0UDAom+TjbSiyPgQ2hz5uOKoi4baez8GN64ZQu7WnjnkI6U/9upBBZO4pCN+nSDeyqNxX/85oJ9m7aqVBxglyx+aFeIilqOm2CdoXhDOXIEWBGuKyUDcAAQ9fX0pVQ6yFCaJd+kjolkWBexllXWLBazzqplYrBVfHqsVQo3y6qy5Azck4uSUCuSZnckwqpEkZG5JW8kXfvw/v0vrzJfHTDW+zkyRK8718Mvqed</latexit>

Laplacian estimator

<latexit sha1_base64="2yxi2YFGMRTScJ31yxyEHvY8uzY=">AAACG3icbVDLSgNBEJyNrxhfUcGLl8EgeAq7HqIIQogXjwmYByRLmJ3MJkNmd5aZXklY8hNe1U/wK/QkXj148VPEyeNgEgsaiqpuuru8SHANtv1lpVZW19Y30puZre2d3b3s/kFNy1hRVqVSSNXwiGaCh6wKHARrRIqRwBOs7vVvxn79ninNZXgHw4i5AemG3OeUgJEacIUHbbi229mcnbcnwMvEmZFc8ajyzV9Kb+V29qfVkTQOWAhUEK2bjh2BmxAFnAo2yrRizSJC+6TLmoaGJGDaTSb3jvCpUTrYl8pUCHii/p1ISKD1MPBMZ0Cgpxe9sfif14zBv3QTHkYxsJBOF/mxwCDx+Hnc4YpREENDCFXc3IppjyhCwUQ0t8WTsg/E03OfJEaJBVGDUcYE5izGs0xq53mnkC9UTHIlNEUaHaMTdIYcdIGK6BaVURVRJNADekRP1rP1ar1bH9PWlDWbOURzsD5/AdwVpaY=</latexit>

t : xt = 0

<latexit sha1_base64="HnVdjOjIS4nEV7xqOuJSJ4qY0HA="></latexit> P
re
d
ic
te
d
p
ro
b
ab

il
it
y
P ✓

(x
t+

1
=

1
|x

t 1
)



Convolution is the key

<latexit sha1_base64="fnHEC+1e5qfaa+S5tZJecvycIYQ=">AAACLHicbVDLSgMxFM3UV62vURcu3ARboW7KTBfVZdGN7irYB7RDyaRpG5qZDMkdsQzzNW7Vr3Ej4tbPENPHwrYeCBzOuZeTe/xIcA2O82Fl1tY3Nrey27md3b39A/vwqKFlrCirUymkavlEM8FDVgcOgrUixUjgC9b0RzcTv/nIlOYyfIBxxLyADELe55SAkbr2yR0wNeW4WOgAD5gulB3nomvnnZIzBV4l7pzk0Ry1rv3T6UkaBywEKojWbdeJwEuIAk4FS3OdWLOI0BEZsLahITFJXjI9IMXnRunhvlTmhYCn6t+NhARajwPfTAYEhnrZm4j/ee0Y+ldewsMoBhbSWVA/FhgknrSBe1wxCmJsCKGKm79iOiSKUNPKYoov5QiIrxcuSYwSC6Ke0pwpzF2uZ5U0yiW3Uqrcl/PV63l1WXSKzlARuegSVdEtqqE6oihFz+gFvVpv1rv1aX3NRjPWfOcYLcD6/gWzfqfA</latexit>

Iteration (⇥200)

<latexit sha1_base64="bT+VHAtu+Gd9oqmqhNAvFKrJd+4=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WvXis0C9pl5JNs21oslmSWbEs/RVe1V/jTbwK/hkxbfdgWx8MPN6bYWZeEAtuwHW/ndzG5tb2Tn63sLd/cHhUPD5pGZVoyppUCaU7ATFM8Ig1gYNgnVgzIgPB2sH4dua3H5k2XEUNmMTMl2QY8ZBTAlZ6aDADWChj+sWSW3bnwOvEy0gJZaj3iz+9gaKJZBFQQYzpem4Mfko0cCrYtNBLDIsJHZMh61oaEcmMn84PnuILqwxwqLStCPBc/TuREmnMRAa2UxIYmVVvJv7ndRMIr/2UR3ECLKKLRWEiMCg8+x4PuGYUxMQSQjW3t2I6IppQsBktbQmUGgMJzNInqVUSQfTTtGAD81bjWSetStmrlqv3lVLtJosuj87QObpEHrpCNXSH6qiJKJLoGb2gV+fNeXc+nM9Fa87JZk7REpyvXy4Roww=</latexit> T
es
t
lo
ss

<latexit sha1_base64="/ermj1tBYR+8QVjrKl1ZUdekaAA=">AAACIXicbVDLSsNAFJ3UV42vqks3wSK4KomL6kYsunEjVLAPaGO5mU7aoZNMmJmIJeQ/3Go/RtyJGxH/RZymXdjWAwOHc+7lnjlexKhUtv1l5JaWV1bX8uvmxubW9k5hd68ueSwwqWHOuGh6IAmjIakpqhhpRoJA4DHS8AZXY7/xQISkPLxTw4i4AfRC6lMMSkv37QBUX/rJjd6AtFMo2iU7g7VInCkpXrya59Ho06x2Cj/tLsdxQEKFGUjZcuxIuQkIRTEjqdmOJYkAD6BHWpqGEBDpJlnq1DrSStfyudAvVFam/t1IIJByGHh6Mks5743F/7xWrPwzN6FhFCsS4skhP2aW4ta4AqtLBcGKDTUBLKjOauE+CMBKFzVzxeN8oMCTMz9JtBIzEI+pqQtz5utZJPWTklMulW/tYuUSTZBHB+gQHSMHnaIKukZVVEMYCfSEntGLMTLejHfjYzKaM6Y7+2gGxvcvpo2osQ==</latexit>

Mamba
<latexit sha1_base64="bHHAUJ0DVsRGtGqm9PuJYY40r0I=">AAACJ3icbVDLSsNAFJ3UV42vWpdugkVwVRIX1Y1YdONGqGAf2IZyM520QyeZMDORlpBfceNC/RKX7nws/RFx+ljY1gMDh3Pu5Z45XsSoVLb9ZWSWlldW17Lr5sbm1vZObjdfkzwWmFQxZ1w0PJCE0ZBUFVWMNCJBIPAYqXv9y5FfvydCUh7eqmFE3AC6IfUpBqWldi7fCkD1pJ9c6x24I4Kn7VzBLtpjWIvEmZLC+at5Fj1+mJV27qfV4TgOSKgwAymbjh0pNwGhKGYkNVuxJBHgPnRJU9MQAiLdZJw9tQ610rF8LvQLlTVW/24kEEg5DDw9OU46743E/7xmrPxTN6FhFCsS4skhP2aW4taoCKtDBcGKDTUBLKjOauEeCMBK1zVzxeO8r8CTMz9JtBIzEIPU1IU58/Usktpx0SkVSzd2oXyBJsiifXSAjpCDTlAZXaEKqiKMBugBPaFn48V4M96Nz8loxpju7KEZGN+/j62qqg==</latexit>

MambaZero
<latexit sha1_base64="onFipdLJoy/F5xZGjjQgGCOhChg=">AAACOXicbVA9TwJBEN3Db/xCLW02gokV3lGgpdHGxkQTESIQMrfswYa93cvuHkou/AF/ja36SyztjK29cYErBHzJJC/vzWRmnh9xpo3rvjuZhcWl5ZXVtez6xubWdm5n907LWBFaIZJLVfNBU84ErRhmOK1FikLoc1r1excjv9qnSjMpbs0gos0QOoIFjICxUitXKDRCMF0dJFd2CO6pksMCfjiWmEjRlzyetOXdojsGnideSvIoxXUr99NoSxKHVBjCQeu650ammYAyjHA6zDZiTSMgPejQuqUCQqqbyfibIT60ShsHUtkSBo/VvxMJhFoPQt92jk+f9Ubif149NsFpM2Eiig0VZLIoiDk2Eo+iwW2mKDF8YAkQxeytmHRBATE2wKktvpQ9A76e+iSxSsxBPQ6zNjBvNp55clcqeuVi+aaUPztPo1tF++gAHSEPnaAzdImuUQUR9ISe0Qt6dd6cD+fT+Zq0Zpx0Zg9Nwfn+Bauxrnw=</latexit>

MambaZero w/o convolution

MambaZero = 
Mamba with just 
the convolution



Main result

 

  MambaZero realizes Laplacian smoothing for first-order
<latexit sha1_base64="BEsVRo91BNMbqjGZvjk28qR/EUQ="></latexit>

For first-order Markov processes on any finite state-space,
<latexit sha1_base64="QssL3IgZdSzP5vyI8wIxaq2Nzx4="></latexit>

there exists a realization of MambaZero model such that

<latexit sha1_base64="LNFbJGKaNtt31vL8BEUdZVeYXIc="></latexit>

DKL

(
Pω(· | xt

1)||Pω(· | xt
1)
)
= 0.

<latexit sha1_base64="dL9ldRc8uwVhOChEtzDkKOnRoSo=">AAACL3icbVDLSsNAFJ34tr6qLt0MFkE3JRGp4koUxGUFq0JbwmR6UwcnkzhzI5aQP3Ljr3Qjoohb/8JpjODrrA7nnMu99wSJFAZd98kZG5+YnJqema3MzS8sLlWXV85NnGoOLR7LWF8GzIAUClooUMJlooFFgYSL4Ppo5F/cgjYiVmc4SKAbsb4SoeAMreRXjzsId5jRMNaUSUkN3KSgOBia0807H7f8DGmnDzfUy2mZZapXZHP6Ze371ZpbdwvQv8QrSY2UaPrVYacX8zQChVwyY9qem2A3YxoFl5BXOqmBhPFr1oe2pYpFYLpZ8W9ON6zSK04OY4W0UL9PZCwyZhAFNhkxvDK/vZH4n9dOMdzrZkIlKdoSPheFqaQY01F5tCc0cJQDSxjXwt5K+RXTjKOtuGJL8H6//Jecb9e9Rr1xulM7OCzrmCFrZJ1sEo/skgNyQpqkRTi5J0PyTF6cB+fReXXePqNjTjmzSn7Aef8AAYinxQ==</latexit>

for all sequences (xt)t→1 and all t → 1 :



Main result

 

  MambaZero realizes Laplacian smoothing for first-order
<latexit sha1_base64="BEsVRo91BNMbqjGZvjk28qR/EUQ="></latexit>

For first-order Markov processes on any finite state-space,
<latexit sha1_base64="QssL3IgZdSzP5vyI8wIxaq2Nzx4="></latexit>

there exists a realization of MambaZero model such that

<latexit sha1_base64="LNFbJGKaNtt31vL8BEUdZVeYXIc="></latexit>

DKL

(
Pω(· | xt

1)||Pω(· | xt
1)
)
= 0.

<latexit sha1_base64="dL9ldRc8uwVhOChEtzDkKOnRoSo=">AAACL3icbVDLSsNAFJ34tr6qLt0MFkE3JRGp4koUxGUFq0JbwmR6UwcnkzhzI5aQP3Ljr3Qjoohb/8JpjODrrA7nnMu99wSJFAZd98kZG5+YnJqema3MzS8sLlWXV85NnGoOLR7LWF8GzIAUClooUMJlooFFgYSL4Ppo5F/cgjYiVmc4SKAbsb4SoeAMreRXjzsId5jRMNaUSUkN3KSgOBia0807H7f8DGmnDzfUy2mZZapXZHP6Ze371ZpbdwvQv8QrSY2UaPrVYacX8zQChVwyY9qem2A3YxoFl5BXOqmBhPFr1oe2pYpFYLpZ8W9ON6zSK04OY4W0UL9PZCwyZhAFNhkxvDK/vZH4n9dOMdzrZkIlKdoSPheFqaQY01F5tCc0cJQDSxjXwt5K+RXTjKOtuGJL8H6//Jecb9e9Rr1xulM7OCzrmCFrZJ1sEo/skgNyQpqkRTi5J0PyTF6cB+fReXXePqNjTjmzSn7Aef8AAYinxQ==</latexit>

for all sequences (xt)t→1 and all t → 1 :

Empirically true for higher-orders too



Intuition

Capture only context-relevant 

counting

Appropriate convolution kernel 

and matrices



MambaMarkovian inputs

Mamba with Markov

What do they learn? How do they learn?

Open..



Structured data LLM 

State-Space Models

 
Transformers Markov processes

Summary



Structured data LLM 

State-Space Models
Markov processes

Summary

 
Non-linearity Convolution

 
Transformers 



Future directions

Structured data

Hidden-Markov-Models

Multi-hop reasoning

State-Space Models

 
Transformers 

Markov processes

LLM 

Diffusion Models

Efficient and hybrid architectures



Terminator: Efficient Reasoning



Thank You!
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0

0 1



All Markov orders

<latexit sha1_base64="kmZq+fTTL8K0l8oDIecg0m4+0sw=">AAACJHicbVDLTgIxFO34RHww6tJNI5i4kcywQJdEN25MMJFHAhNypxRo6Ewnbcc4mfAlbtWvcWdcuPFTjAVmIeBJmpycc0/u7fEjzpR2nC9rbX1jc2s7t5Pf3ds/KNiHR00lYklogwguZNsHRTkLaUMzzWk7khQCn9OWP76Z+q1HKhUT4YNOIuoFMAzZgBHQRurZhZJbuuCQUInvTAp6dtEpOzPgVeJmpIgy1Hv2T7cvSBzQUBMOSnVcJ9JeClIzwukk340VjYCMYUg7hoYQUOWls8Mn+MwofTwQ0rxQ45n6N5FCoFQS+GYyAD1Sy95U/M/rxHpw5aUsjGJNQzJfNIg51gJPW8B9JinRPDEEiGTmVkxGIIFo09XCFl+IsQZfLfwkNUrMQT5N8qYwd7meVdKslN1quXpfKdaus+py6ASdonPkoktUQ7eojhqIoBg9oxf0ar1Z79aH9TkfXbOyzDFagPX9C7XWpLk=</latexit>

1-layer Mamba
<latexit sha1_base64="78rFEgAoWBwS3LIwdBQSvP+oE1c=">AAACKnicbVBNSwMxFMz6WetXVTx5CbaCF8tuD+pR9OKxQqtCXcrb9LUNzSZLkhXL0h/jVf013opXf4eY1j3Y6kBgmHmPeZkoEdxY3x97C4tLyyurhbXi+sbm1nZpZ/fWqFQzbDIllL6PwKDgEpuWW4H3iUaII4F30eBq4t89ojZcyYYdJhjG0JO8yxlYJ7VL+5WgciJgiJo2NEjTVTpG3S6V/ao/Bf1LgpyUSY56u/T10FEsjVFaJsCYVuAnNsxAW84EjooPqcEE2AB62HJUQowmzKbnj+iRUzrUJbsnLZ2qvzcyiI0ZxpGbjMH2zbw3Ef/zWqntnocZl0lqUbKfoG4qqFV00gXtcI3MiqEjwDR3t1LWBw3MusZmUiKlBhYiM/OTzCmpAP00KrrCgvl6/pLbWjU4rZ7e1MoXl3l1BXJADskxCcgZuSDXpE6ahJGMPJMX8uq9ee/e2Pv4GV3w8p09MgPv8xtLlKeq</latexit>

1-layer Transformer
<latexit sha1_base64="q8QZCmhuIkRqM0X1VIEzspfE0Gg=">AAACKnicbVDLSgMxFM34tr6q4spNsBXcWGa6qC6Lblwq2Ae0pdxJb9vQTDIkGbEM/Ri36te4E7d+h5g+Frb1QOBwzr2cmxPGghvr+5/eyura+sbm1nZmZ3dv/yB7eFQ1KtEMK0wJpeshGBRcYsVyK7Aea4QoFFgLB7djv/aE2nAlH+0wxlYEPcm7nIF1Ujt7ki/mLwUMUdNHDdJ0lY5Qt7M5v+BPQJdJMCM5MsN9O/vT7CiWRCgtE2BMI/Bj20pBW84EjjLNxGAMbAA9bDgqIULTSifnj+i5UzrUJbsnLZ2ofzdSiIwZRqGbjMD2zaI3Fv/zGontXrdSLuPEomTToG4iqFV03AXtcI3MiqEjwDR3t1LWBw3MusbmUkKlBhZCM/eT1CmJAP08yrjCgsV6lkm1WAhKhdJDMVe+mVW3RU7JGbkgAbkiZXJH7kmFMJKSF/JK3rx378P79L6moyvebOeYzMH7/gVNV6er</latexit>

2-layer Transformer

<latexit sha1_base64="FtIcIOD2tXAK7BQQ6Oe/YHSUbQk=">AAACH3icbVBNS8NAEN3Ur1q/qh69LBbBU0l6qB6LXrwIFewHtKFMNpt2ySYbdjfFEvo3vKq/xpt47Z8Rt20OtvXBwOO9GWbmeQlnStv2zCpsbe/s7hX3SweHR8cn5dOzthKpJLRFBBey64GinMW0pZnmtJtICpHHaccL7+d+Z0ylYiJ+1pOEuhEMYxYwAtpI/UeQoRhjIX0qB+WKXbUXwJvEyUkF5WgOyj99X5A0orEmHJTqOXai3QykZoTTaamfKpoACWFIe4bGEFHlZoubp/jKKD4OhDQVa7xQ/05kECk1iTzTGYEeqXVvLv7n9VId3LoZi5NU05gsFwUpx1rgeQDYZ5ISzSeGAJHM3IrJCCQQbWJa2eIJEWrw1MonmVFSDvJlWjKBOevxbJJ2rerUq/WnWqVxl0dXRBfoEl0jB92gBnpATdRCBCXoFb2hd+vD+rS+rO9la8HKZ87RCqzZL6HWpFU=</latexit>

Markov order

<latexit sha1_base64="jlKeHozidJygm2ipk4yD6X80KwQ=">AAACIXicbVA9TwJBEN3DL8Qv1NJmI5hYkTsKtCTaWFhgIh8JnGRuWWDD3u5ld89ILvwPW/XX2Bk7438xLnCFgJNM8vLeTN7MCyLOtHHdLyeztr6xuZXdzu3s7u0f5A+PGlrGitA6kVyqVgCaciZo3TDDaStSFMKA02Ywup7qzUeqNJPi3owj6ocwEKzPCBhLPRRvu14R96wPCEK7+YJbcmeFV4GXggJKq9bN/3R6ksQhFYZw0LrtuZHxE1CGEU4nuU6saQRkBAPatlBASLWfzK6e4DPL9HBfKtvC4Bn7dyOBUOtxGNjJEMxQL2tT8j+tHZv+pZ8wEcWGCjI36sccG4mnEdh3FSWGjy0Aopi9FZMhKCDGBrXgEkg5MhDohU8Sy8Qc1NMkZwPzluNZBY1yyauUKnflQvUqjS6LTtApOkceukBVdINqqI4IUugZvaBX5815dz6cz/loxkl3jtFCOd+/u1+kTA==</latexit> L
1
d
is
ta
n
ce



Convolution window vs. Markov order

<latexit sha1_base64="iLXFKzBlcTVjuV8lCGIPXIwr3cs=">AAACJ3icbVDLTgIxFO3gC/E14tJNIzFxRWZYoEsiG5eYyCMBQjqdDjR02knb4ZEJv+JW/Rp3Rpf+iLEDsxDwJE3OPefe3NvjRYwq7ThfVm5nd2//IH9YODo+OT2zz4stJWKJSRMLJmTHQ4owyklTU81IJ5IEhR4jbW9cT/32hEhFBX/S84j0QzTkNKAYaSMN7GJd8IlgcVrBKeW+mA7sklN2loDbxM1ICWRoDOyfni9wHBKuMUNKdV0n0v0ESU0xI4tCL1YkQniMhqRrKEchUf1kefsCXhvFh4GQ5nENl+rfiQSFSs1Dz3SGSI/UppeK/3ndWAd3/YTyKNaE49WiIGZQC5gGAX0qCdZsbgjCkppbIR4hibA2ca1t8YQYa+SptZ8kRokZkrNFwQTmbsazTVqVslstVx8rpdp9Fl0eXIIrcANccAtq4AE0QBNgMAPP4AW8Wm/Wu/Vhfa5ac1Y2cwHWYH3/AqWnp24=</latexit>

Convolution window

<latexit sha1_base64="bT+VHAtu+Gd9oqmqhNAvFKrJd+4=">AAACHHicbVBNSwMxEM3Wr1q/qh69BIvgqez2UD0WvXis0C9pl5JNs21oslmSWbEs/RVe1V/jTbwK/hkxbfdgWx8MPN6bYWZeEAtuwHW/ndzG5tb2Tn63sLd/cHhUPD5pGZVoyppUCaU7ATFM8Ig1gYNgnVgzIgPB2sH4dua3H5k2XEUNmMTMl2QY8ZBTAlZ6aDADWChj+sWSW3bnwOvEy0gJZaj3iz+9gaKJZBFQQYzpem4Mfko0cCrYtNBLDIsJHZMh61oaEcmMn84PnuILqwxwqLStCPBc/TuREmnMRAa2UxIYmVVvJv7ndRMIr/2UR3ECLKKLRWEiMCg8+x4PuGYUxMQSQjW3t2I6IppQsBktbQmUGgMJzNInqVUSQfTTtGAD81bjWSetStmrlqv3lVLtJosuj87QObpEHrpCNXSH6qiJKJLoGb2gV+fNeXc+nM9Fa87JZk7REpyvXy4Roww=</latexit> T
es
t
lo
ss

<latexit sha1_base64="Q7AcYkjUVo5nxSBKXR/x7J7lGxs=">AAACHHicbVDLTgJBEJzFF+IL9ehlIph4Irsc0CPRizcxkYeBDZmdnYUJ89jMzBrJhq/wqn6NN+PVxJ8xDrAHASvppFLVne6uIGZUG9f9dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqBEgTRgVpGmoY6cSKIB4w0g5G11O//UiUplLcm3FMfI4GgkYUI2Olh1sVEgXLXrlfLLkVdwa4SryMlECGRr/40wslTjgRBjOkdddzY+OnSBmKGZkUeokmMcIjNCBdSwXiRPvp7OAJPLNKCCOpbAkDZ+rfiRRxrcc8sJ0cmaFe9qbif143MdGln1IRJ4YIPF8UJQwaCaffw5Aqgg0bW4KwovZWiIdIIWxsRgtbAilHBgV64ZPUKglD6mlSsIF5y/Gskla14tUqtbtqqX6VRZcHJ+AUnAMPXIA6uAEN0AQYcPAMXsCr8+a8Ox/O57w152Qzx2ABztcvns2iIA==</latexit>

Order 1
<latexit sha1_base64="+d5m+a/BGylBhDfzOKxyIjqnE2g=">AAACHHicbVDLTgJBEJzFF+IL9ehlIph4Irsc0CPRizcxkYeBDZmdnYUJ89jMzBrJhq/wqn6NN+PVxJ8xDrAHASvppFLVne6uIGZUG9f9dnJr6xubW/ntws7u3v5B8fCopWWiMGliyaTqBEgTRgVpGmoY6cSKIB4w0g5G11O//UiUplLcm3FMfI4GgkYUI2Olh1sVEgXL1XK/WHIr7gxwlXgZKYEMjX7xpxdKnHAiDGZI667nxsZPkTIUMzIp9BJNYoRHaEC6lgrEifbT2cETeGaVEEZS2RIGztS/EyniWo95YDs5MkO97E3F/7xuYqJLP6UiTgwReL4oShg0Ek6/hyFVBBs2tgRhRe2tEA+RQtjYjBa2BFKODAr0wiepVRKG1NOkYAPzluNZJa1qxatVanfVUv0qiy4PTsApOAceuAB1cAMaoAkw4OAZvIBX5815dz6cz3lrzslmjsECnK9foH6iIQ==</latexit>

Order 2
<latexit sha1_base64="N5dVBZn9TBDjeBrmHCqT/Vx7cX4=">AAACHHicbVDLSgNBEJz1GeMr6tHLYCJ4CrsRosegF29GMA9JljA7O5sMmccyMyuGJV/hVf0ab+JV8GfESbIHk1jQUFR1090VxIxq47rfzsrq2vrGZm4rv72zu7dfODhsapkoTBpYMqnaAdKEUUEahhpG2rEiiAeMtILh9cRvPRKlqRT3ZhQTn6O+oBHFyFjp4VaFRMHSealXKLpldwq4TLyMFEGGeq/w0w0lTjgRBjOkdcdzY+OnSBmKGRnnu4kmMcJD1CcdSwXiRPvp9OAxPLVKCCOpbAkDp+rfiRRxrUc8sJ0cmYFe9Cbif14nMdGln1IRJ4YIPFsUJQwaCSffw5Aqgg0bWYKwovZWiAdIIWxsRnNbAimHBgV67pPUKglD6mmct4F5i/Esk2al7FXL1btKsXaVRZcDx+AEnAEPXIAauAF10AAYcPAMXsCr8+a8Ox/O56x1xclmjsAcnK9foi+iIg==</latexit>

Order 3
<latexit sha1_base64="Bb9m6L14YOBUAJfP132F66P6Ex0=">AAACHHicbVDLSgNBEJz1GeMr6tHLYCJ4CrtBosegF29GMA9JljA7O5sMmccyMyuGJV/hVf0ab+JV8GfESbIHk1jQUFR1090VxIxq47rfzsrq2vrGZm4rv72zu7dfODhsapkoTBpYMqnaAdKEUUEahhpG2rEiiAeMtILh9cRvPRKlqRT3ZhQTn6O+oBHFyFjp4VaFRMHSealXKLpldwq4TLyMFEGGeq/w0w0lTjgRBjOkdcdzY+OnSBmKGRnnu4kmMcJD1CcdSwXiRPvp9OAxPLVKCCOpbAkDp+rfiRRxrUc8sJ0cmYFe9Cbif14nMdGln1IRJ4YIPFsUJQwaCSffw5Aqgg0bWYKwovZWiAdIIWxsRnNbAimHBgV67pPUKglD6mmct4F5i/Esk2al7FXL1btKsXaVRZcDx+AEnAEPXIAauAF10AAYcPAMXsCr8+a8Ox/O56x1xclmjsAcnK9fo+CiIw==</latexit>

Order 4


